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ABSTRACT: Learning about the various techniques to solve this higher power Diophantine equation in
successfully deriving their solutions help us understand how numbers work and their significance in different
areas of mathematics and science. In this paper, First focused to study infinitely many integer solutions of
following Diophantine Equations.

2x2+y? =2?%; 3x2+y?=12% 4x?+y?=1z% 5x%?+y?=1z%6x%+y? =27

7x% +y2 =22, 8x%+y?=12%; 9x?+y?=2%10x% +y? =2z?; 11x% + y? = z%;
12x2 +y%2 = z%; 13x? +y% =2z?%; 14x% + y? = z%; 15x% + y? = z?; 16x? + y? = z%;
17x%2 + y2 = z2%; 18x%2 4+ y? =2z?; 19x2 + y? = 2z%; 20x% + y2 = z?%; 21x% + y? = z?%;

2 2
Also, kx? + y? = z2 having ellipse equation form of k (E) + ();)) = 1; Also, focused to study Reciprocal form

of above Diophantine Equation % + qiz = h—12 Which is having different sets of integer solutions of p = yz, q =

xz and h = xy.Also, focused to obtained infinitely many Integer solutions of following Special Diophantine
Pythagorean Equations.

PP+ q?P+ri+st=t>+u? piP+qiP+ri=s%p?+q*+ri+st=t%
p*+qt+2r2=s% prP+qgP+t?=r>+s2+u?; p®+q°+3r? =5
x3+yt =25 x3+y3=2% xP+ydi+zt=wi;x?+y3+zt+wd =u?;

KEYWORDS: Diophantine Equations, Pythagorean theorem, Reciprocal Pythagorean theorem, Ellipse,
Reciprocal ellipse equations.

Mathematics Subject Classifications:11D72,11D61,
I. INTRODUCTION

The fascinating branch of Mathematics is the Theory of Numbers in which the subject of Diophantine equations
requiring only the integer solutions is an interesting area to various mathematicians. In other words, the theory of
Diophantine equations is an ancient subject that typically involves solving, polynomial equation in two or more
variables or a system of polynomial equations with the number of unknowns greater than the number of equations,
in integers and occupies a pivotal role in the region of mathematics.

II.METHODS

Now we are focused to study to obtain integer solutions of special Diophantine equation kx? + y? = z% and
. . k11 . . . . .
Reciprocal curve equation =zt Tz with using of trial-and-error method. In particularly, focused to obtain

integer solutions of above Diophantine equations with k values are varies from 2 to 21.
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IILLRESULTS:

In this paper, First focused to study integer solutions of following Diophantine Equations.
2x%2 +y? =z% 3x?+y?=12% 4x*+y?=12% 5x?+y%=2z%6x%+y? =27
Tx2+y2 =22 8x%+y?=122; 9x? +y? =2%10x2 +y% = z%; 11x? + y? = z%;
12x% + y2 = z%; 13x%2 +y? =2z%; 14x? + y? = z%; 15x2 + y? = 2% ; 16x? + y? = z%;
17x2 +y2 = z2; 18x%2 +y? = z2; 19x% + y? = z%; 20x% + y? = z?; 21x% + y% = z?;

Case 1: Consider Diophantine equation 2x2 + y? = z? having different sets of integer solutions is x = 2"*1,
y =2"and z = 3(2)™. Here n is positive integer.
Proof: Let x = 2™, y = 2" and z = 3(2)" are satisfies the integer solution of Diophantine equation 2x? +

2= 42

y
Since 2(2"1)2 4 (2M2 = (22743) + (227) = (22M)(2° + 1) = BN

2 2
Lemma 1.1: It is having Ellipse equation form of 2 (E) + e) = 1; Which is having simple form of ellipse
2p% + q% = 1, whose solution is p = g, q= %
Lemma 1.2: Reciprocal form of above Diophantine Equation % + % =—.

Which is having different sets of integer solutions

p=yz =3(2?"), q =xz=32?"*) and h = xy = 22"*1,
. 2 1 1
Since @) + (GG @

Case 2: Consider Diophantine equation 3x? + y? = z? having different sets of integer solutions is x = 3™, y =
3™ and z = 2(3)™. Here n is positive integer.
Proof: Letx = 3", y = 3" and z = 2(3)" are satisfies the integer solution of Diophantine equation 3x? + y? =

z2.

Since 3(3™)% + (3™)2 = (3*"*1) + (3%") = 3*)(3 + 1) = (2(3)™)*.

2 2
Lemma 2.1: It is having Ellipse equation form of 3 (E) + (g) = 1; Which is having simple form of ellipse

3p? + q* = 1, whose solutionis p = q = %

1

Lemma 2: Reciprocal form of above Diophantine Equation ;—2 + qiz =7

Which is having different sets of integer solutions
p=yz=23B*"), q=xz=23B*)and h =xy = 3",

3 1 _ 1
(2(32"))2 (2(32n))2 - (3211)25

Since

Case 3: Consider Diophantine equation 4x? + y? = z? having different sets of integer solutions is (2x, y, z) is a
Pythagorean triplet. It is having different sets of Integer solutions for each odd integer x, then y = x? — 1 and
z=x%+1

Proof: Let = x> —1and z = x? + 1.
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Consider z2 — y? = (x2 + 1)2 = (x? — 1)? = 4x? = (2x)2.
Hence if x is an odd, then (2x, y, z) is a Pythagorean triplet.

Case 4: Consider Diophantine equation 5x? + y? = z? having different sets of integer solutions is x = 4"*1,
y =4"and z = 3(4)™. Here n is positive integer.

Proof: Let x = 4™, y = 4" and z = 3(4)" are satisfies the integer solution of Diophantine equation 5x? +

y? =72,

Since 5(4™*1)% + (4™)% = 3(H)™)2.

1

Lemma 4.1: Reciprocal form of above Diophantine Equation p_sz + qiz =iz

Which is having different sets of integer solutions
p=vyz=3(4*"), q = xz =3(4*"*Y) and h = xy = 42",

5 1 1
(3a2m)? T (3zn+n)’ T @I

Since

Case 5: Consider Diophantine equation 6x? + y? = z?2 having different sets of integer solutions is x = 2™+1,
y = 2" and z = 5(2)". Here n is positive integer.
Proof: Let x = 2™, y = 2" and z = 5(2)" are satisfies the integer solution of Diophantine equation 6x? +

2= 42

y
Since 6(2"*1)% + (2™)% = (5(2)™)2.

1

Lemma 5.1: Reciprocal form of above Diophantine Equation % + % =

Which is having different sets of integer solutions
p=yz =502?"), q=xz=52%"*) and h = xy = 22"*1,

1 1
(5(22"))2 (5(22n+1))2 T (22n+1)2

Since

Case 6: Consider Diophantine equation 7x% + y? = z? having the different sets of integer solutions is x = 3™,
y = 3" and z = 4(3)™. Here n is positive integer.
Proof: Let x = 3", y = 3™ and z = 4(3)" are satisfies the integer solution of Diophantine equation 7x? +

y2 =72,

Since 7(3™M)?% + (3"*1)2 = (4(3)™)2.
Lemma 6.1: Reciprocal form of above Diophantine Equation p—72 + qiz ==.

Which is having different sets of integer solutions

p=yz =431, q =xz =4(3?"") and h = xy = 32",
7 1 1
(4(32n+1))2 (4(3211))2 T (32n+1)2

Since

Case 7: Consider Diophantine equation 8x? + y? = z? having different sets of integer solutions is x = 2™, y =
2™ and z = 3(2)™. Here n is positive integer.

Proof: Let x = 3"*1, y = 3"*1 and z = 3™*2 are satisfies the integer solution of Diophantine equation 8x2 +
y2 =72,

Since 8(3n+1)2 + (3n+1)2 — (3n+2)2.
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Lemma 7.1: Reciprocal form of above Diophantine Equation % + qiz =-.

Which is having different sets of integer solutions
p=yz=3"3 q=xz=3""*3and h =xy=32"*2,

. 8 1 1
Since 2n+3)2 + 2n+3)2 ~ (32n+2)2
@3 ) 3 ) € )

Case 8: Consider Diophantine equation 9x? + y? = z2 having the two different sets of integer solutions.
P q y g g

) 9x2-1 9x?+1 . x)? x\?
2_ 2
Proof: if x is an odd integer. Let y = 9x2 - VZ = 9x2+1-

9x2+1)2 (9x2—1

2
- - ) = 9x2 = (3x)2. Hence (3%, y, z) is a Pythagorean triplet.

Consider z2 — y? = (
. - . X 2 X 2
if x is an even integer. Let = 9 (E) —-1,z=9 (E) + 1.

2 2 2 2
Consider 22 —y? = (9(2) +1) —=(9(%) —1) =9x% = (3x)2. Hence (3x, y, z) is a Pythagorean triplet.
y 2 2 y

Case 9: Consider Diophantine equation 10x? + y? = z? having different sets of integer solutions is x = 61,
y =6"and z = 19(6)™. Here n is positive integer.
Proof: Let x = 6™*1, y = 6™ and z = 19(6)" are satisfies the integer solution of Diophantine equation 10x? +

y2 =72,

Since 10(6™*1)% + (6™)? = (19(6)™)%.

1

Lemma 9.1: Reciprocal form of above Diophantine Equation % + qiz =7

Which is having different sets of integer solutions
p=yz=19(6?"), q = xz = 19(6*"*) and h = xy = 621,

o 1 1
(1962m)° ' (19(62n+1))° T (62M+1)2

Since

Case 10: Consider Diophantine equation 11x2 + y? = z2 having different sets of integer solutions is x = 3™+,
y =3"and z = 10(3)™. Here n is positive integer.
Proof: Let x = 3™*1, y = 3" and z = 10(3)" are satisfies the integer solution of Diophantine equation 11x? +

y? =72,

Since 11(3™*1)% + (3™)2 = (10(3)")%.

1

Lemma 10.1: Reciprocal form of above Diophantine Equation ;—; + qiz =7

Which is having different sets of integer solutions
p=vyz=10(3%"), g =xz = 10(3?"*Y) and h = xy = 32"*1,

LR 1 1
(10(32n))2 (10(32n+1))2 - (32n+1)2

Since

Case 11: Consider Diophantine equation 12x2 + y? = z? having different sets of integer solutions is x = 2™*1,
y =2"and z = 7(2)™. Here n is positive integer.
Proof: Let x = 2"*1, y = 2" and z = 7(2)™ are satisfies the integer solution of Diophantine equation 12x? +

y? =72,
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Since 12(2™"*1)2 + (2™)?2 = (7(2)™)2.

Lemma 11.1: Reciprocal form of above Diophantine Equation % + iz =—.
p* q

Which is having different sets of integer solutions

p=yz=702™), q=xz=72*") and h = xy = 22",
2 1 1
(7(2211))2 (7(22n+1))2 - (22n+1)2

Since

Case 12: Consider Diophantine equation 13x? + y? = z? having different sets of integer solutions is x = 6™,
y = 6™ and z = 7(6)™. Here n is positive integer.
Proof: Let x = 6", y = 6™ and z = 7(6)™ are satisfies the integer solution of Diophantine equation 13x? +

y? =72,

Since 13(6™)2 + (6™*1)? = (7(6)™)?.

1

Lemma 12.1: Reciprocal form of above Diophantine Equation ;—2 + qiz =7

Which is having different sets of integer solutions
p=vyz=7(6>"1), q = xz = 7(6*") and h = xy = 62"

13 + 1 _ 1
(7(62n+1))2 (7(6211))2 - (62n+1)2

Since

Case 13: Consider Diophantine equation 14x% + y? = z? having different sets of integer solutions is x = 6™*1,
y =5(6)" and z = 23(6)™. Here n is positive integer.

Proof: Let x = 6™*1, y =5(6)" and z = 23(6)" are satisfies the integer solution of Diophantine equation
14x?% + y? = 72,

Since 14(6™*1)% + (5(6)™)2 = (23(6)™)2.

1

Lemma 13.1: Reciprocal form of above Diophantine Equation ;—: + qiz =7

Which is having different sets of integer solutions
p =vyz=115(6%"), q = xz = 23(6>™"*) and h = xy = 5(6)?"**.

1 1

. 14
Since (115(62"))2 + (23(62""'1))2 T (5(6)2nt1)2

Case 14: Consider Diophantine equation 15x2 + y? = z2 having different sets of integer solutions is x = 3™+,
y = 3" and z = 12(3)™. Here n is positive integer.

Proof: Let x = 3™*!, y =3""1 and z = 12(3)" are satisfies the integer solution of Diophantine equation
15x2 + y? = 72,

Since 15(3™*1)2 + (3"*1)2 = (12(3)")2.

1

Lemma 14.1: Reciprocal form of above Diophantine Equation % + iz =—.
P2 q* h

Which is having different sets of integer solutions
p=yz=12(3""*1), g =xz = 12(37"*Y) and h = xy = (3)?"*2

15 + 1 _ 1
© (12(321+1))°  (12(321+1))° T ((3)27+2)2

Sinc
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Case 15: Consider Diophantine equation 16x% + y? = z? having different sets of integer solutions. If x is even
X 2 X 2
then y = 16(5) —1,z= 16(5) +1.
. . . X 2 X 2
Proof: if x is an even integer. Let y = 16 (E) —-1,z=16 (E) + 1.

2 2 2 2
Consider z2 —y% = (16(2) +1) —(16(3) —1) = 16x% = (4x)2. Hence (4x, y, z) is a Pythagorean
y 2 2

triplet.

Case 16: Consider Diophantine equation 17x% + y? = z? having different sets of integer solutions is x = 3™*1,
y =4(3)" and z = 13(3)™. Here n is positive integer.

Proof: Let x = 3"l y =4(3)" and z = 13(3)™ are satisfies the integer solution of Diophantine equation
17x% + y? = 72,

Since 17(3™*1)? + (4(3)™)? = (13(3)™)2.

1

Lemma 16.1: Reciprocal form of above Diophantine Equation ;—Z + qiz =7

Which is having different sets of integer solutions
p =vyz =52(3%"), q = xz = 13(3""*1) and h = xy = 4(3)*"*1,

Since —— 7+ ! > = 21 )
(5232m)°  (13(32n*1))” (43I

Case 17: Consider Diophantine equation 18x2 + y? = z2 having different sets of integer solutions is x = 2™+,
y =3(2)" and z = 9(2)". Here n is positive integer.

Proof: Letx = 2™, y = 3(2)™and z = 9(2)™ are satisfies the integer solution of Diophantine equation 18x2 +
y? =72,

Since 18(2"*1)% + (3(2)™)? = (9(2)")%.

1

Lemma 17.1: Reciprocal form of above Diophantine Equation ;—2 + qiz =7

Which is having different sets of integer solutions
p=yz=27(2%"), q =xz =92 and h = xy = 3(2)?"*

18 n 1 _ 1
(27(22"))2 (9(22"+1))2 T (3(2)2n+1)2

Since

Case 18: Consider Diophantine equation 19x2 + y? = z2 having different sets of integer solutions is x = 3™+1,
y = 5(3)" and z = 14(3)™. Here n is positive integer.

Proof: Let x = 3" y =5(3)" and z = 14(3)" are satisfies the integer solution of Diophantine equation
19x2% + y? = 72,

Since 19(3™*1)2 + (5(3)™)? = (14(3)™)2.

Lemma 18.1: Reciprocal form of above Diophantine Equation 1—2 + iz =—.
r*  q

Which is having different sets of integer solutions

p=yz=70(32"), q =xz=14(32"*1) and h = xy = 5(3)2"*1.
19 + 1 _ 1
(70(3271))2 (14(32n+1))2 T (5(3)2n+1)2

Since
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Case 19: Consider Diophantine equation 20x% + y? = z? having different sets of integer solutions is x = 2™*1,
y = 2"and z = 9(2)™. Here n is positive integer.

Proof: Let x = 2"*1, y = 2" and z = 9(2)™ are satisfies the integer solution of Diophantine equation 20x? +

y? = z2. Since 20(2™"*1)% + ((2)™)? = (9(2)")2.

1

Lemma 19.1: Reciprocal form of above Diophantine Equation % + iz =—.
P> ¢ h

Which is having different sets of integer solutions

p=yz=9(2%"), q =xz=902%") and h =xy = (2)"*

1 1

20
(9(22n))2 + (9(22n+1))2 - ((2)2n+1)2

Since

Case 20: Consider Pythagorean equation 21x? + y? = z?2 having different sets of integer solutions (in terms of
exponential) is x = 2", y = 2™"*1 and

z = 5(3)™. Here n is positive integer.

Proof: Let x = 2™, y = 2™1 and z = 5(3)" are satisfies the integer solution of Diophantine equation 21x? +
y2 = 22,

Since 21(2™"*1)2 4+ ((2)™)?% = (5(3)M)%.

1

Lemma 20.1: Reciprocal form of above Diophantine Equation ;—1 + qiz =7

Which is having different sets of integer solutions
p=7yz=10(6"), q =xz=>5(6") and h = xy = (2)?"*1,

2,1 1
(106m) * (s(6m)°  (22n+1)2

Since

some special collection of Diophantine Equations, whose solutions are obtained from standard Pythagorean
theorem.

Case 21: Consider Diophantine equation x3 + y* = z° having integer solution is

x =28 y=2%and z =25,

Case 22: Consider Diophantine equation x3 + y® = z? having integer solution is

x=28 y=2%and z=3(2)

Case 23: Consider Diophantine equation x2 + y3 + z* = w® having integer solution is

x=3"2 y=3%z=3%andw = 3°.

Case 24: Consider Diophantine equation x? + y® + z* + w° = u? having integer solution is x = 43, y = 420
z=4% w=42andu = 2°%.

Case 25: Consider the Pythagorean (4;2) tuples equation as follows

p% + q% + 1% + s? = t? + u? ,having different sets of integer solutions is illustrated below:

p=x%yh, q =y?xh, r = yh, s= xh, t = xy, u= xyzh

where x = bc,y = ca, h = ab , z=c? with (a, b, ¢) is a Pythagorean triplet, which is satisfies a? + b? = c2.
Proof: We know that if (a, b, ¢) is a Pythagorean triplet, then is satisfies a? + b? = 2.

if (a, b, ¢) is a Pythagorean triplet then (b c, a ¢, a b) is also a Reciprocal Pythagorean triplet. i.e. if x = bc , y =

ca,h=abthenxi2+yiz=i ............. [1]
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Also, if (a, b, ¢) is a Pythagorean triplet then (bc, ac, c?) is also a Pythagorean triplet.
iex=bc,y=ca, z=c*thenx?+y2=2%........ [2]
Adding equations [1] ,[2], we obtain
p% + q% + 1% + s? = t? + u?, having different sets of integer solutions is illustrated below:
p=x%yh, q=y?xh, r = yh, s= xh, t = xy, u= xyzh
where x = bc,y = ca, h = ab , z=c? with (a, b, ¢) is a Pythagorean triplet, which is satisfies a? + b? = c2.
E.g.1: Choose One of the Pythagorean triplets (a, b, ¢) is (3, 4, 5), which follows
x=bc=20,y=ca=15h=ab=12,z=c?> =25
p = x?yh = 72000, q = y?xh = 54000, r = yh = 180, s= xh=240, t = xy = 300,
u = xyzh = 90000 .
p? + g% +r? +s2 = 8100090000
t2 + u? = 8100090000. Hence p? + g2 + r? + s? = t2 + u?
Also, note that (a, b, ¢) and (X, y, z) are Pythagorean triplets.
ie. a2+ b?=c?andx? +y? =22
1

. . . .11
Also, (X, y, h) is Reciprocal Pythagorean triplet. i.e. =t o

Case 25.1: Consider the Pythagorean (4;2) tuples equation as follows

p% + q% +r? + s? = t? + u? having different sets of integer solutions is illustrated below:

ifpisoddtheng=p+1, r =$,s= (pzj)z—l, t=p22+1, u= (pzj)z+1.
We can verify it easily by replacing some odd integer p.

Suppose p =3 thenq =4,r =4,s =3,t =5u=>5.

Hence p? + q2 + 12 +s2 =32 +42 + 42 + 32 =50 = t? + u?

Case 25.2: Consider the Pythagorean (4;2) tuples equation as follows

PP+ qi+ri+s?=t2+u?

different sets of integer solutions is illustrated below:

2 2_ 2 2
ifpiseventheng=p+1, r=(§) —1,s=%,t=(§) +1, u=(p+12¢.

We can verify it easily by replacing some even integer p.

Suppose p =4 thenq=5r=3,s =12,t =5u=13.
Hence p? + q2 + 1% +s2 =42 + 52 + 32 + 122 =194 = t? + u?
Case 25.3: Consider the Pythagorean (4;2) tuples equation as follows

p% + q% + % + s% = t? + u? having different sets of integer solutions is illustrated below:

2 _1)2_ 2 _1)2
ifpiseventheng=p—1, r = (g) —1,s=%,t= (g) +1, u=%.
We can verify it easily by replacing some even integer p.

Case 25.4: Consider the Pythagorean (4;2) tuples equation as follows

p?+ g%+ 1r? + 5% = t? + u?, having different sets of integer solutions is illustrated below:

ifpisoddtheng=p—1, T=p2_1,S= (E)Z_l’t=p2+1 u= (E)z_l'

2 2 2’ 2
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We can verify it easily by replacing some odd integer p

Case 26: Consider the Pythagorean (2;2) tuples equation as follows
p? + q% = r? + s? Having two types of solutions

Case 26.1: If p is an odd, then different sets of integer solutions is illustrated below

a= () 41, r = (2) — tanas =222

2_ 2
Proof: From Reference [10],[11],[12], We know that, if p is odd then (p, pz—l, pTH) is a Pythagorean triplet. i.e.

e () = (),

. . 14 2 14 2 . .
Also, we know that, if p is even then (p, (;) -1, (;) + 1) is a Pythagorean triplet.

2_
If p is odd then pTl is an even number.

2_ 2_47\2 2_47\2
Hence (2 > 1, (p " 1) -1, (”4—1) + 1) is a Pythagorean triplet.

It follows that if p is odd then p? + ((?)2 + 1>2 = ((%)2 - 1>2 + (?)?

Hence p? + q? =71% + 52
Case 26.2: If p is an even integer, then different sets of integer solutions is illustrated below

(@) (@)

2 E}

and s = (2)2 + 1.

2
Proof: If p is even then (g) — 1 is odd number.

2

ence (2) -1, (@2 (@™

+1
> , > ) is a Pythagorean triplet.

2 2
if p is even then (p, (g) -1, (g) + 1) is a Pythagorean triplet.

(1) = ()

Hence p? + q2 =12 + s2.
If p is an even integer, then different sets of integer solutions is illustrated below

(@) (@)

2 >

and s = (2)2 + 1.

We can verify it easily by replacing some even integer p.

Case 27: Consider the Pythagorean (3;1) tuples equation as follows p? + g2 + r? = 5?2
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Having two types of solutions
Case 27.1: If p is an odd, then different sets of integer solutions is illustrated below
p2+1 2 p2+1 2
2_ X)) PX) w1
=r= r=7(22> andszi(2>

2

2_ 2 2 2
Proof: if p is odd then (p, pz—l, pz—+1) is a Pythagorean triplet. i.e. p? + (—) = (p—ﬂ) .

p*-1
2 2
p2+1\° p2+1\°
. . p2+1 . . p2+1 2 -1 2 +1
Also, if p is odd then — s also odd integer. Hence — > ) 2

is also a Pythagorean triplet.

2 2

p2+1 2 p2+1 2
pZ41 2 (—2 ) -1 (—2 ) +1
Hence (2222)" 1 (L) 2) ()
2 2 2
2 2
2.1\2 2.1\2
2 (v_ﬂ) 1 (v_ﬂ) 1

(D2+1) _ 2 _ 2
2 2 2

2_4 2 2_1\2 2412
If p is odd then (p, pz—l, pTH) is a Pythagorean triplet. i.e. p% + (—p > 1) = (—p 2+1) .

2 2

oy (B2 e
P2 + (p > 1) = 2 . _ 2 :
2 2 2 2
Pt (%)2 + (pZZ:) ~) - (p22+:) - .Hence p? + ¢* + 1% = 5%

Case 27.2: If p is an even, then different sets of integer solutions is illustrated below

[<(§)2+1>2+1 i

q=(g)2—1,r=wands=

+1

2

, . is also a Pythagorean triplet.

. . P 2 P 2 . .
Also, we know that if p is even then (p, (5) -1, (5) + 1) is a Pythagorean triplet.

Hence 92 +((2)" 1) = ((2) +1).

pZ + ((2)2 — 1)2 = ((g) ';1) +1 ~ ((g) ;1) B
pit ((5)2 - 1)2 + (@)221)2—1 _ ((g)2+21)2+1

Hence p? + q¢* +r? = s2.
Case 27.3: p? + q% + r? = s? having integer solution in exponential form as follows.
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p=23q=2%r=255=9x2%since (23)% + (2°)% + (2%)% = (9 * 23)?

Case 28: Consider the Pythagorean (4;1) tuples equation as follows
pr+qi+ri+s?=t?
Having two types of solutions

Case 28.1: If p is an odd, then different sets of integer solutions is illustrated below
2.2 P 2.2 P

|(75) | [ESER

lf —1 — J +1

, , S = andt =
2 2 2 2

2_ 2
Proof: Similar Proof of Case 27.1, we can verify easily p? + g2 + r% + s% = t%. If pis odd then p? + (712—1) +

2

R RN

2 | [ 2 |

(G i O A I I A

We can verify it easily by replacing some odd integer p.

Case 28.2: If p is an even integer, then different sets of integer solutions is illustrated below

2 2 5 2
[(&)+) +] . [(&)7+) +] »
SOOI G0 o L
q= (E) —1,1”:#, s=fandt=f.
Proof: Similar Proof of above case.
P e T AN i
L (( ) :1) j . ‘((2) +21> +1] »

We can verify it easily by replacing some even integer p.

Case 29: Consider higher degree Diophantine equation p* + q* + 2r? = s*
Having two types of solutions

Case 29.1: If p is an odd, then different sets of integer solutions is illustrated below

-1 _p(@?-1)

2
_p pe+1
q="r =

2

and s =

Proof: similar proof of above.

Case 29.2: If p is an even integer, then different sets of integer solutions is illustrated below

a=(0) -1, r=p((2) -1)and s = () +1

Proof: similar proof of above.

Case 29.3: If (x, y, 2) is a Pythagorean triplet then x* + y* + 2x2y? =
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Proof: If (x, y, z) is a Pythagorean triplet. i.e. x* + y? = z2. Square on Both sides, we obtain
(x2 4+ y?)? = (2%)? implies that x* + y* + 2x2y? = z*,

Case 30: Consider the Pythagorean (3;3) tuples equation as follows
pP+qi+ti=r2+s+u?

then different sets of integer solutions is illustrated below

p=x%yh, q=y?xh, r =yh, s=xh, t=xy, u=xyzh

where x = bc,y = ca, h = ab , z=c? with (a, b, ¢) is a Pythagorean triplet, which is satisfies a? + b? = c?.
E.g.1: Choose the Pythagorean triplet (a, b, ¢) is (3, 4, 5), which follows
x=bc=20,y=ca=15h=ab=12,z=c?> =25

p = x?yh = 72000, q = y?xh = 54000, r = yh = 180, s= xh=240, t = xy = 300,

u = xyzh = 90000

p? + @ + t> = 8100090000

72 + 5% + u? = 8100090000. Hence p? + q® + t? = r? + 52 + u?.

Case 31: Consider higher degree Diophantine equation p® + q°® + 3r% = s¢

Having two types of solutions

Case 31.1: If p is an odd, then different sets of integer solutions is illustrated below

2 4 2
-1 p(p*-1 +1
p—,rz—( )andsz—p .

2 4 2

2_ 2
p . 1p +1) is a Pythagorean triplet. i.e. p? +

Proof: We know that (z2)3 = (z3)? and If p is odd then (p, —, .

(pz_l)z = (p2+1)2. Apply cube of both sides, obtain (pz + (E)Zf — (P2+1)6.

2 2 2 2
H if ily, if p is odd th ¢+ (—pz_l)G +3 (_p(p4—1))2 - (_7’2“)6 H
ence, we can verify easily, if p is o en p . . = (——) - Hence

2_ 4_ 2
p® +q°+3r? =s® withq = pTl, r= M and s = pTH whenever p is odd.

We can verify it easily by replacing some odd integer p.

Case 31.2: If p is an even integer, then different sets of integer solutions is illustrated below

0= @) =1 r=p(() 1) o 5= (8) 41

p\2 \2
Proof: if p is even then (p, (E) -1, (E) + 1) is a Pythagorean triplet.

p)? g p)? g
Hence p? + ((;) — 1) = ((;) + 1) . Apply cube on both sides, obtain

3 2
(pz (@) - 1)2) = ((2)"+1) - Hencep+ ((2)° ~ 1) +3 (p (@) - 1)) ~ ()" +1)"

2 4 2
Hence p® + q° + 3r? = s® with g = (g) -1, r=p ((g) - 1) and s = (g) + 1 with p is even. We can
verify it easily by replacing some even integer p.
Conclusion: In this paper, First focused to study infinitely many integer solutions of following Diophantine

Equations.
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2x2+y? =2z% 3x?2+y? =2% 4x?+y?=1z% 5x?+y?=2z%6x%+y% =22

T7x?+y2=1z% 8x2+y?=2z%; 9x? +y? =2%10x% + y? = z%; 11x%2 + y? = 22,
12x2 + y2 = z?; 13x%2 +y? = z%; 14x? + y? = z%; 15x%2 + y? = z%; 16x? + y? = z?%;
17x% + y? = z%; 18x%2 +y? =22; 19x% + y%2 = 2%, 20x2 + y% = z%; 21x% + y? = z?;

2 2
Also, kx? + y? = z? having ellipse equation form of k (g) + (3;’) = 1; Also, focused to study Reciprocal form

of above Diophantine Equation % +—= h—lz Which is having different sets of integer solutions of p = yz, q =

qZ
xz and h = xy.Also, focused to obtained infinitely many Integer solutions of following Special Diophantine
Pythagorean Equations.
PP+ +ri+s2=t?+u? pP+qi+ri=s2p2+qt+r?+s?=t2;
p*+qt+2rt=s* pr+qP+t?=r*+s?+u’; p®+q°+3r?2 =55

BHyt=25x3+y3=2% x2+yi+zt=wi x4y 4zt +wd =2,
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