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ABSTRACT: One property of weighted arithmetic mean on the relationship between the weighted arithmetic 

mean of the weighted arithmetic means of the respective elements of the respective possible subsets of a set of 

real numbers and the weighted arithmetic mean of the elements of the original set has mathematically been proved 

since no research publication on mathematical proof of this property has been found available.      
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I. INTRODUCTION 

 

The term average is an entity that describes a set of many entities [1 , 49]. The great mathematician Pythagoras is 

the pioneer of developing measures of average, who derived three measures of average namely arithmetic mean 

[2 , 6 , 54], geometric mean [2 , 6 , 55] and harmonic mean [2 , 6 , 56] popularly known as  “Pythagorean Means” 

[3 , 7 , 15]. Later on, a number of definitions / formulations of average had been derived due to necessity of 

handling different situations. Some of them are quadratic mean or root mean square, square root mean , cubic 

mean, cube root mean,  generalized p mean (also known as power mean) & generalized pth root mean etc. which 

are simple as well as weighted [8 , 32 , 57]. In addition to these, generalized definitions of average had also been 

developed for deriving measures of average [10 − 14]. Moreover, one general method had been identified for 

defining average of a set of values of a variable as well as a generalized method of defining average of a function 

of a set (or of a list) of values [9 , 16 , 17 , 20].  Recently, four formulations of average have been derived from 

the three Pythagorean means which are arithmetic-geometric mean, arithmetic-harmonic mean, geometric-

harmonic mean and arithmetic-geometric-harmonic respectively [19 ,  32].  Moreover, several studies have 

already been done on properties of arithmetic mean, geometric mean & harmonic mean [2 , 3 ,  6 , 39 , 40 , 42 − 

44 , 46 , 55 , 56] which have been found to be widely used in developing most of the statistical measures of 

characteristics of data like central tendency, dispersion etc. [7 , 15 , 21 − 31 , 36 , 37] and in developing the 

statistical concept of expectation [5 , 33 − 35 , 38 , 41 , 52 , 53. However, more properties of these measures of 

average are yet to be identified due to their importance in in analysis of numerical data as well as in the 

development of the associated theory. One interesting mathematical property of arithmetic mean which states that 

the arithmetic mean of the arithmetic means of the respective elements of the respective  possible subsets of fixed 

size of a set of real numbers is the arithmetic mean of the original set of numbers and also the arithmetic mean of 

the arithmetic means of the respective elements of the respective non-empty possible subsets a set of real numbers 

is the arithmetic mean of the original set of numbers, was proved algebraically in a recent study since no research 

publication on the proof of this property has been found available [47]. One similar property has here been proved 

algebraically in the case of weighted arithmetic mean.       

 

 

II. WEIGHTED ARITHMETIC MEAN OF A SET OF ELEMENTS 

Let us first mention the definition of weighted arithmetic mean of a set of real numbers. 

Weighted Arithmetic Mean of Weighted 

Arithmetic Means of Subsets of a Set of 

Numbers 
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Definition 

Let us consider a set of n real numbers namely   

𝑥1 , 𝑥2 ,  ………  , 𝑥𝑛 
which correspond the weights  

𝑤1 , 𝑤2 ,  ………  , 𝑤𝑛 

respectively.  

Then the weighted arithmetic mean of them, denoted by A(𝑤: 𝑥1 , 𝑥2 ,  ……  , 𝑥𝑛), is defined by         

          A(𝑤: 𝑥1 , 𝑥2 ,  ……  , 𝑥𝑛)  =  
1

 𝑤1+ 𝑤2 +  ………  + 𝑤𝑛
 (𝑤1𝑥1 + 𝑤2𝑥2 + …… + 𝑤𝑛𝑥𝑛)    

                                    

The definition of weighted arithmetic mean implies that 

  𝑤1𝑥1 + 𝑤2𝑥2 + ……… + 𝑤𝑛𝑥𝑛 = (𝑤1+ 𝑤2 +  ………  + 𝑤𝑛) A(𝑤: 𝑥1 , 𝑥2 ,  ………  , 𝑥𝑛)                 

i.e. the weighted sum of the n real numbers is (𝑤1+ 𝑤2 +  ………  + 𝑤𝑛) times of the weighted arithmetic 

mean of the numbers.    

 

 

III. WEIGHTED ARITHMETIC MEAN OF WEIGHTED ARITHMETIC MEANS OF POSSIBLE 

SUBSETS OF FIXED SIZE   

  

Now suppose, a set P consists of the N real numbers  

𝑎1 , 𝑎2 ,  ………  , 𝑎𝑁  
which correspond the weights  

𝑤1 , 𝑤2 ,  ………  , 𝑤𝑁 

respectively so that the Weighted Sum Sw and the Weighted Arithmetic Mean Aw of the N elements are 

respectively 

      Sw = 𝑤1𝑎1 + 𝑤2𝑎2 + ……… + 𝑤𝑁𝑎𝑁  

&   Aw =  
1

 𝑤1+ 𝑤2 +  ………  + 𝑤𝑁
 (𝑤1𝑎1 + 𝑤2𝑎2 + ……… + 𝑤𝑁𝑎𝑁)  

Let us abbreviate Weighted Sum and Weighted Arithmetic Mean by WS and WAM respectively.  

Let us consider the possible subsets of P having n elements in each set.  

The number of such possible subsets is C(N , n) where       

C(N , n) = 
𝑁!

 𝑛!(𝑁−𝑛)!
 

Among the C(N , n)  possible subsets, there are   

C(N − 1 , n − 1) subsets with 𝑎1 as 1st
 element, 

C(N − 2 , n − 2) subsets with 𝑎2 as 1st
 element and not having 𝑎1 ,  

C(N − 3 , n − 3) subsets with 𝑎3 as 1st element and not having 𝑎1 & 𝑎2 ,   

………………………………………………………………………………. 

C(N − 1 , N − 2) subsets with 𝑎𝑁− 𝑛+2 as 1st
 element and not having  𝑎1 , 𝑎2 ,  …….. 𝑎𝑁− 𝑛+3 ,     

C(N − 1 , N − 1) subsets with 𝑎𝑁− 𝑛+1 as 1st element and not having  𝑎1 , 𝑎2 ,  …….. 𝑎𝑁− 𝑛+2 ,      

so that the total number of possible subsets is C(N , n) and that each 𝑎𝑖 appears a total of  C(N − 1 , n − 1) 

times in the set containing all possible C(N , n) subsets [47].  

Let  

P1 , P2 , P3 , ……. ,  PC (N , n) −1  , PC (N , n) 
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be the (N , n) possible subsets of P  
Suppose,  

𝐴𝑤1 , 𝐴𝑤2 ,  𝐴𝑤3 ,   ………  , 𝐴𝑤 𝐶(𝑁 ,   𝑛) −1  ,  𝐴𝑤 𝐶(𝑁 ,   𝑛)  

are the individual WAM s,  

𝑆𝑤1 , 𝑆𝑤2 ,  𝑆𝑤3 ,   ………  , 𝑆𝑤 𝐶(𝑁 ,   𝑛) −1  ,  𝑆𝑤 𝐶(𝑁 ,   𝑛)  

are the individual WSs.  

and 

w(1) , w(2) , w(3) , ………… , w(c(N , 𝑛) − 1) , w(c(N , n))    

are the individual sums of the weights of the elements in the corresponding subsets   

P1 , P2 , P3 , ……. ,  PC (N , n) −1  , PC (N , n)  

respectively.  
Then 

      𝑆𝑤1 = w(1) 𝐴𝑤1  ,  

     𝑆𝑤2 = w(2) 𝐴𝑤2 ,  

     𝑆𝑤3= w(3) 𝐴𝑤3 ,    

     ………….……  

    𝑆𝑤 𝐶(𝑁 ,   𝑛) −1 = w(𝐶(𝑁 ,   𝑛)  − 1) 𝐴𝑤 𝐶(𝑁 ,   𝑛) −1  ,    

   𝑆𝑤 𝐶(𝑁 ,   𝑛) = w(𝐶(𝑁 ,   𝑛)) 𝐴𝑤 𝐶(𝑁 ,   𝑛)  

Now,  

𝑆𝑤1 + 𝑆𝑤2 + 𝑆𝑤3 +  ………  + 𝑆𝑤 𝐶(𝑁 ,   𝑛) −1 + 𝑆𝑤 𝐶(𝑁 ,   𝑛)  

is the WS of all elements in the combined set of all possible C(N , n) subsets of the original set P where each 

𝑎𝑖 appears a total of  C(N − 1 , n − 1) times.   

Therefore, 

             𝑆𝑤1 + 𝑆𝑤2 + 𝑆𝑤3 +  ………  + 𝑆𝑤 𝐶(𝑁 ,   𝑛) −1 + 𝑆𝑤 𝐶(𝑁 ,   𝑛)  

       = C(N − 1 , n − 1) (𝑤1𝑎1 + 𝑤2𝑎2 + ……… + 𝑤𝑁𝑎𝑁)         

Similarly, 

             w(1) + w(2) + w(3) +  ………  + w(c(N , 𝑛) − 1) + w(c(N , n))  

       =  C(N − 1 , n − 1) (𝑤1 + 𝑤2 + ……… + 𝑤𝑁)         

Accordingly, 

      WAM of the individual C(N , n) WAMs  

 =  
1

 𝐶(𝑁 − 1 ,𝑛 − 1) (𝑤1 + 𝑤2 + ……… + 𝑤𝑁) 
{𝑤(1) 𝐴𝑤1 + 𝑤(2)𝐴𝑤2 + 𝑤(3) 𝐴𝑤3 +  ………  

      + 𝑤(𝑐(𝑁 , 𝑛) − 1)𝐴𝑤 𝐶(𝑁 ,   𝑛) −1 + 𝑤(𝑐(𝑁 , 𝑛))𝐴𝑤 𝐶(𝑁 ,   𝑛) }       

= 
1

 𝐶(𝑁 − 1 ,𝑛 − 1) (𝑤1 + 𝑤2 + ……… + 𝑤𝑁) 
 {𝑆𝑤1 + 𝑆𝑤2 + 𝑆𝑤3 +  ………  + 𝑆𝑤 𝐶(𝑁 ,   𝑛) −1 

    + 𝑆𝑤 𝐶(𝑁 ,   𝑛) }  

=  
1

 𝐶(𝑁 − 1 ,𝑛 − 1) (𝑤1 + 𝑤2 + ……… + 𝑤𝑁)
  C(N − 1 , n − 1) (𝑤1𝑎1 + 𝑤2𝑎2 + …… + 𝑤𝑁𝑎𝑁)     
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=  

1

 (𝑤1 + 𝑤2 + ……… + 𝑤𝑁)
 (𝑤1𝑎1 + 𝑤2𝑎2 + ……… + 𝑤𝑁𝑎𝑁)  

= WAM of the elements of P   
 

This result can be summarized as the following theorem: 

 

Theorem (3.1): The weighted arithmetic mean of the weighted arithmetic means of the respective elements of the 

respective possible subsets, of fixed size, of a set of real numbers is the weighted arithmetic mean of the elements 

of the original set of numbers. 

 

 
IV. WEIGHTED ARITHMETIC MEAN OF WEIGHTED ARITHMETIC MEANS OF All NON-

EMPTY POSSIBLE SUBSETS  

  

Now, the set P has a total of 2n non-empty subsets of which  

number of possible subsets having single element in each is NC1 , 

number of possible subsets having 2 elements in each is NC2 , 

……………………………………………………  

number of possible subsets having n −1 elements in each is NCn −1 , 

number of possible subsets having n elements is in each  NCn  

such that  

            Total number of all possible non-empty subsets 

      = C(N , 1) +  C(N , 2) + C(N ,  3)  +  ……….. + C(N , n − 1)  +  C(N , n) = 2n  − 1   

By the results obtained in section III,  

    WAM of the WAMs of the respective elements of the respective possible subsets having 1 element  

= WAM of the elements of P, 
    WAM of the WAMs of the respective elements of the respective possible subsets having 2 elements  

= WAM of the elements of P, 

      …………………………………………………………..………………….……… 

    WAM of the WAMs of the respective elements of the respective possible subsets having n −1 elements  

= WAM of the elements of P,  

   WAM of the WAMs of the respective elements of the respective possible subsets having n elements  

= WAM of the elements of P. 

Therefore, 

    WAM of the WAMs of the respective elements of the respective possible non-empty subsets of P   

= WAM of the elements of P   
This result can be summarized as the following theorem: 

 

Theorem (4.1): The weighted arithmetic means of the respective elements of the respective non-empty possible 

subsets a set of real numbers is the weighted arithmetic mean of the elements of the original set of numbers. 

 

    

V. NUMERICAL EXAMPLE 

 

Suppose, S is a set of five real numbers given by  
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S = {2 , 4 , 6 , 8 , 10} 

with the set W of the corresponding weights given by 

W = {1 , 3 , 2 , 3 , 1} 

so that       

WAM of the elements of S = 6.0 

Now,  
5 C1 = 5 possible subsets of S having single element are  

{2} , {4} , {6} , {8} , {10} 

with the corresponding subsets of the corresponding weights 

{1} , {3} , {2} , {3} , {1} 

The 5 corresponding WAMs of the element if the respective subsets are   

2 , 4 , 6 , 8 , 10   

and the WAM of these 5 WAMs is 6.0 which is the  WAM of the elements of S.  

Similarly, 
5 C2 = 10 possible subsets of S having 2 elements are  

{2 , 4} , {2 , 6} , {2 , 8} , {2 , 10} , {4 , 6} , {4 , 8} , {4 , 10} , {6 , 8} , {6 , 10} , {8 , 10} 

with the corresponding subsets of the corresponding weights 

{1 , 3} , {1 , 2} , {1 , 3} , {1 , 1} , {3 , 2} , {3 , 3} , {3 , 1} , {2 , 3} , {2 , 1} , {3 , 1} 

The 10 corresponding WAMs of the element if the respective subsets are   

3.5 , 4.6666666666666666666666666666667 , 6.5 , 6.0 , 4.8 , 6.0 , 5.5 , 7.2 , 

7.3333333333333333333333333333333 , 8.5  

and the WAM of these 10 WAMs is 6.0 which is the  WAM of the elements of S.   

Again, 
5 C3 = 10 possible subsets of S having 3 elements are 

{2 , 4 , 6} , {2 , 4 , 8} , {2 , 4 , 10} , {2 , 6 , 8} , {2 , 6 , 10} , {2 , 8 , 10} , {4 , 6 , 8} ,  

{4 , 6 , 10} , {4 , 8 , 10} , {6 , 8 , 10}  
with the corresponding subsets of the corresponding weights 

{1 , 3 , 2} , {1 , 3 , 3} , {1 , 3 , 1} , {1 , 2 , 3} , {1 , 2 , 1} , {1 , 3 , 1} , {3 , 2 , 3} ,  

{3 , 2 , 1} , {3 , 3 , 1} , {2 , 3 , 1} 

The 10 corresponding WAMs of the element if the respective subsets are 

4.3333333333333333333333333333333 , 5.4285714285714285714285714285714 , 4.8 , 

6.3333333333333333333333333333333 , 6.0 , 7.2 , 6.0 , 

5.6666666666666666666666666666667 , 6.5714285714285714285714285714286 , 

7.6666666666666666666666666666667  

and the WAM of these 10 WAMs is 6.0 which is the  WAM of the elements of S.   

 Moreover, 
5 C4 = 5 possible subsets of S having 4 elements are   

{2 , 4 , 6 , 8} , {2 , 4 , 6 , 10} , {2 , 4 , 8 , 10} , {2 , 6 , 8 , 10} , {4 , 6 , 8 , 10} 

with the corresponding subsets of the corresponding weights 

http://www.ijarset.com/
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{1 , 3 , 2 , 3} , {1 , 3 , 2 , 1} , {1 , 3 , 3 , 1} , {1 , 2 , 3 , 1} , {3 , 2 , 3 , 1}  

The 5 corresponding  WAMs of the element if the respective subsets are   

5.5555555555555555555555555555556 , 5.1428571428571428571428571428571 , 6.0 , 

6.8571428571428571428571428571429 , 6.4444444444444444444444444444444  

and the WAM of these 5 WAMs is 6.0 which is the  WAM of the elements of S. 

Moreover, 
5 C5 = 1 possible subset of S having 5 elements is  

{2 , 4 , 6 , 8 , 10} 

with the corresponding subset of the corresponding weights 

{1 , 3 , 2 , 3 , 1} 

WAM of the elements in this subset is also 6.0 which is the WAM of the elements of S.  

 

Finally, the WAM of all the 31 WAMs of the corresponding elements of the respective 31 subsets is  

is also equal to 6.0 which is the WAM of the elements of S.    

 

 

VI. CONCLUSION 

 

Findings of the study can be summarized as follows: 

The weighted arithmetic mean of the weighted arithmetic means of the respective elements of the respective 

possible subsets, of fixed size, of a set of real numbers is the weighted arithmetic mean of the elements of the 

original set of numbers and the weighted arithmetic mean of the weighted arithmetic means of the respective 

elements of the respective non-empty possible subsets a set of real numbers is the weighted arithmetic mean of 

the elements of the original set of numbers.” 

 

The property/result of weighted arithmetic mean obtained here is hoped to be useful for analysis of data specially 

on estimation based on sample from population.   

  

In this connection, it is to be mentioned that the other measures of weighted average are also required to be 

computed/estimated in similar type of situation. Therefore, there is necessity of study on whether the other 

measures of weighted average possess similar properties like this property of weighted arithmetic mean.     
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