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ABSTRACT:

This paper focused on a study to find integer design of solutions Quadratic Fibonacci Diophantine Equation
a(X* +¥*) ((2Fae1 (B + Fuen))” + FaQ@Fopy + F)?) = (F2q + (Fy + Foyg)?) (€2 — D)(Z2 + W)PF
witha > 0,8 >0and X <Y <W < Z with Mathematical induction method for § = 1,2,3,4, ... and so on.
This paper focuses on a study of integer designs of solutions for a quadratic Fibonacci-type Diophantine
equation, analyzed via the mathematical-induction method. Diophantine equations of higher degrees, such as
the quartic form, play a meaningful role in generating special families of elliptic curves that are crucial
for elliptic-curve cryptography (ECC) and secure communications.

Diophantine equations of higher degrees, like the quartic form

2 2
a(X* + ¥*) ((2Fau1(Fy + Fuy1)) + FaFoiq + Fo)?) = (F2q + (Fy + Fyen)?) (€2 — D?)(Z2 + W?)PF,
play a meaningful role in generating special elliptic curves that are crucial for cryptography and secure

communications. Having integer design of solutions for B > 2 is parameterized by integers k and n, with
variables defined as: x = k™, y = k™1, z = k™3, w = k"2, p = k",

C= ((1+2k4)2 + 1) n,D = ((1?4)2 — 1) n, if 1+k*iseven
C= ((Hk;ﬁ))n,D = ((”"zi)n if 1+ k* is odd
for=1isx=k"y=k"1,z=k"3,w=k"2,p =k a=_1+k?)(k® - k")n?,
C= ((szdf)z + 1) nD = ((1+Tk4)2 - 1) n, if 1+ k*iseven
C= (“*";ﬁ))n,u = (%)n if 1+ k*is odd
forB=2isx=kty=k"1z=k"3,w=k"2p=k"a=(1+k*)(k®+ kH)n?
C= ((HZH)Z + 1) nD = ((12’(4)2 - 1) n, if 14+ k*iseven
c= ((“";i))n,D - ((Hk;i)n if 1+ k* is odd

O(Fp, Fuy1) = ((2Fnyq (Fy + Foyq) , Fo(2F4q + Fy), F2, 1 + (B, + Foyp)?).

a=(1+kH)(k® +kHkE-2nn2

.Let @ : Z2 - Z3(P) with
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From Reference [5], the sequence of Fibonacci numbers is ({1,1,2,3,5,8,13,21 ........ } following Recurrence
Relation F, = F,_{ + F,_, forn > 2,with F; = 1,F; = 1 is also, satisfies Pythagorean rule as follows

2 2 2
(2Fas1(Fy + Foan))” + (Fa@Fnsr + F))” = (Fiq + (Fy + Foen)?)
KEYWORDS: Diophantine Equation, exponential, Pythagorean triplet, Integer design.
LINTRODUCTION

Diophantine equations—polynomial equations with integer solutions—are a central topic in number theory.
Among their many variants, exponential Diophantine equations involve terms where variables appear as
exponents. Finding integer solutions to such equations is notably complex and has implications in mathematics,
cryptography, and several scientific fields. Historical Context and Theoretical Background

Classical Diophantine Equations: Traditionally, research started with linear and polynomial forms, such as the
well-known cases of Pythagorean triples .

Exponential Generalization: The study of exponential forms expanded from these roots, posing questions that
often lack general solution methods and in some cases are proven to be undecidable. In this paper, focused to find
the general exponential integer solution of

2 2
a(x* +v*) ((ZFn+1(Fn +Foi1)) + Fa(2Fpiq + Fn)z) = (FZ1 + (Fy + Fpy)?) (€% — D*)(Z% + W*)PF

With a > 0, > 0 is derived from fixed valueof § =1, =2 and 8 > 2.
ILRESULTS & DISCUSSIONS

Lemma 1: Introduce to Generate Pythagorean Triples with using of sequence of Fibonacci

numbers as follows. Let @ : Z% — Z3(P) with

Q(Fnr Fn+1) = ((ZFn+1(Fn + Fn+1) ’ Fn(2Fn+1 + Fn)' Fr%+1 + (Fn + Fn+1)2)-
From Reference 5, the sequence of Fibonacci numbers is ({1,1,2,3,5,8,13,21........}

following Recurrence Relation F, = F,_{ + F,_, forn > 2, withFy=1,F, =1

2 2 2
(2Fo1(Fy + Foy1))” + (Fa(2Fara + Fo))” = (Fiq + (Fy + Foy0)?)
Proportion 1: A Study on exponential integer solution of above Diophantine Equation at
f=11is
2 2
a(X* +v*h) ((2Fn+1(Fn +Fi1)) + Fa(2Fpiq + Fn)z) = (F1 + (Fy + Foy)?) (C* = DB)(Z* + WHP

with (2Fy 1 (Fa + Fan))” + (Fa(@Fass + F)” = (Fy + (Fy + Fop)?) i

a(X*+v*) =(C*-D¥H(Z*+W?P

Explanation: Let x = k™, y = k™1, z = k™3, w = k"2 p = 2",

Consider a(X* + Y*) = ak*™(1 + k*) Again consider (Z%2 + W?)P = k*"(k® + k*).

It follows that a(X* + Y*) = (C? — D?)(Z% + W?)P implies that

ak*™ (1 + k*) = (C?* — D*)k*"(k® — k*) implies a(1 + k*) = (C* — D?)(k® + k*).

Solve for a, whenever (1 + k*, D, C) is a Pythagorean Triplet.

From the References [1],[2],[3],[4],[51,[6],[7],[81,[9],[10],[11],[12] there is so many methods to generate

Pythagorean triplet, now I chosen one of the technique of
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From the References [1],[2],[3],[4],[5],[6],[7].[8],[9],[10],[11],[12] there is so many methods

to generate Pythagorean triplet,

z 2
S, = {(x, Y, Z): 5 =1+ 71 if x is an odd prime number or its power}

( )

z
i(x,y, z):J—/ =1+ if x is an odd composite or its Power, for some p = 1,2,3.. }

S
2 (=) -

z
S; =1(x,y, z):; =1+ if x is geometric power of 2

2
x 2
() -1
S, =<(x,y, z):§ =1+ x;z, otherwise (x is even composite or its power) ;.
()

now I chosen one of the technique of

. . T 2 T 2 . .

if r is an even number, then (r, (5) -1, (5) + 1) is a Pythagorean triplet.

r2-1
2

2
If r is an odd number, then (r, , I *1y is a Pythagorean triplet.
> ythag

It implies that (1 + k%, D, C) becomes a Pythagorean Triplet depending on whether 1 + k* is odd or even.

1+k*

482 2
Case 1: If 1 + k* is even, then ( 1 + k*, (%) -1, (T) + 1) is a Pythagorean triplet.

It follows that a (1 + k*) = (C? — D?)(k® — k*) and solve for a,

4 2
whenever (1 + k*, D, C) becomes a Pythagorean Triplet with C = ((sz ) + 1) n,

48 2
D = ((1+2k ) _ 1>n and C?> — D? = 1+ k4)2n2 and hence a = (1 + k4)(k6 _ k4)n2.
Hence, we obtain
z 2
a(X* +Y%) ((ZF“+1(F“ + F“+1)) + F(2Fp4q + Fn)z) = (Fr%+1 + (F, + Fn+1)2) (€?* — D*»)(Z* + Ww?)P

4 2
having integer design of solution is x = k", y = k™*1,z = k"*3,w = k"*%,p = k*", C = ((%) + 1> n,

D= ((“2"4)2 - 1) na=1+k*) kS + k)n2.

Verification:

Consider LHS

a(X*+ YY) = (1 + k)(k® — kY2 (k*™ + k) = kK (k® + k*)(1 + k*)?n?
Consider RHS

(C?2 = DH(Z? + WP = (1 + k*)*n?(k¥+6 — [2M4) 20 = kA (k6 + k) (1 + k*)Zn2.
Hence LHS = RHS.
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4\2_ 4\2
Case 2: If 1+ k* is odd, then (1 + k*, (2121 () 11

) is a Pythagorean triplet. It follows that a(1 + k*) =

(C* — D?)(k® — k*) and solves for @, whenever (1 + k* D,C) becomes a Pythagorean Triplet with C =

2 2
((szﬁ) )n, D= (miﬁ) n. Hence €2 — D? = (1 + k*)?n? and hence a = (1 + k*)(k® — k*)n?.

Hence, we obtain a(X* + Y*) = (€% — D*)(Z? + W?)P.

Having an integer design of solution is x = k*, y = k"1, z = k"3, w = k™*%,p = k*",

C= ((1+k4)2+1) )n, D= (M) n a= (1 + k4)(k6 + k4).

2 2
Verification:
Consider LHS
a(X*+ YY) = (1 + kY(K® — kY2 (k*™ + k) = k7 (k6 + k*)(1 + k*)%n?
Consider RHS
(C? = D2)(Z% + W2)P = (1 + k*)2n?(k¥™+6 — k2n+4) 20 = k4 (kS + k*) (1 + k*)2n?.
Hence LHS = RHS.
E.g. 1: Suppose k = 2 then 1 + k* = 17, is odd; Having an integer design of solution is

X = 2n’y — 2n+1,Z — 2n+3,W — 21‘L+2’p — 2211’

c= (w) )n — 1450, D = (““;ﬁ) — 144n

2
C?>—-D?=(1+2%%n?, a=(1+2%(2°-2%n.
Supposen=1;thenx =2,y =4,z =16,w = 8,p = 4,

C=((1+2;¢))=14S,D=((1+2;$>=144

C*—D?*=(1+2%%2=289, a=(1+2"(2°%+ 2% =1360.

Consider LHS= a(X* + Y*) =1360(2* + 4*) = 369920.

RHS = (C? — D*)(Z?> + W?)P = 289 * (16% + 8%) x4 = 369920.

E.g. 2: Suppose k = 3 then 1 + k* = 82, is even; Having an integer design of solution is

X = 3n’y — 3n+1,Z — 3n+3,W — 3n+2’p — 32n,

C= ((“234)2 + 1)11 =1681n, D = ((”234)2 - 1>n = 1600n

C?2—D%=(1+3%2n% =6724n, a = (1 + 39)(3° + 39)n? = 6642012
Supposen=1;thenx =3,y =9,z=81,w =27,p =9, C? — D? = 6724, a = 66420
Consider LHS= a(X* + Y*) =66420(3* + 9*%) = 441161640

RHS = (C? — D?)(Z2% + W2)P = 6724 * (812 + 27%) * 9 = 441161640.

Proportion 2: A Study on exponential integer solution of above Diophantine Equation at
pL=2is
2 2
a(X4 + Y4) ((ZFn+1(Fn + Fn+1)) + Fn(ZFn+1 + Fn)z) = (F1%+1 + (Fn + Fn+1)2) (CZ - DZ)(ZZ + WZ)PZ

Explanation: Let x = k™, y = k™1, z = k"3, w = k™*2,p = k"
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Consider a(X* + Y*) = ak*™(1 + k*)
Again consider (Z2 + W?)P? = k*™(k°® + k*).
It follows that

a(X* + ¥*) (ZFaer (Fa + Farn)) + Fa@Foys + F)?) = (P2, + (Fy + Fouq)?) (€2 — DA)(Z2 + W?)P?
implies that

ak*™ (1 + k*) = (C? — DHKk*™(k® + k*) implies a(1 + k*) = (C? — D?)(k® + k*). Solve for a, whenever
(14 k*, D, C) becomes a Pythagorean Triplet.

From the References [1],[2],[3],[4].[5],[6],[7],[8],[9],[10],[11],[12] there is so many methods

to generate Pythagorean triplet,

z 2
S; = {(x, V,2): y =1+ o if x is an odd prime number or its power}

z
S, =1 (x,y, z):; =1+ if x isan odd composite or its Power, for some p = 1,2,3...

(=) -1

z
S; =1(x,y, z):; =1+ if x is geometric power of 2

2
X 2
(z) -1
S, =<(x,y, z):§ =1+ x;z, otherwise (x is even composite or its power) ;.
) -
now I chosen one of the technique of

r 2 r 2
if r is an even number, then (r, (E) -1, (E) + 1) is a Pythagorean triplet.

r2-1

2
If r is an odd number, then (r, , rTH) is a Pythagorean triplet.

It implies that (1 + k*, D, C) becomes a Pythagorean Triplet depending on whether 1 + k* is odd or even.

45 2 4N 2
Case 1: If 1 + k* is even, then ( 1 + k*, (%) -1, (%) + 1) is a Pythagorean triplet. It follows that

a(l+k*) = (C?—-D?)(k® + k*) and solve for a,

4 2
whenever (1 + k*, D, C) becomes a Pythagorean Triplet with C = ((sz ) + 1) n,

2
D= ((”2’(4) - 1) n, €2 —D? =(1+k*)?n? andhence a = (1 + k*)(k® + k*)n?.

Hence, we obtain a(X* + Y*) = (€? — D?)(Z%* — W?)P? having integer design of solution is x = k", y =

4, 2
kn+1,Z — kn+3,W — kn+2’p — kn, C = <(1+2k ) + 1) n,

4_ 2
D= ((“2" ) - 1) na=(1+kH)(K + k*n.
Verification: Consider LHS

Copyright to IJARSET www.ijarset.com 24428


http://www.ijarset.com/

International Journal of Advanced
Research in Science, Engineering
and Technology
Vol. 13, Issue 2, February 2026

a(X* +Y*) = (1 + kY (K® + kMn?(k*™ + k) = k7 (k° + k*)(1 + k*)2n?
Consider RHS

(CZ _ DZ)(Zz + WZ)PZ — (1 + k4)2n2(k2n+6 + k2n+4)k2n — k4-n(k6 + k4)(1 + k4)27’12.
Hence LHS = RHS.

4\2_ 4)2
Case 2: If 1 + k* is odd, then (1 + k*, (1+k2) L (1+k2) *) is a Pythagorean triplet. It follows that a(1 + k%) =

(€? — D?)(k® + k*) and solves for a,

4\2
whenever (1 + k*, D, C) becomes a Pythagorean Triplet with C = (%) ) n,

4\2_
D= ((sz#) n. Hence C? — D? = (1 + k*)?n? and hence @ = (1 + k*)(k® + k*)n?.

Hence, we obtain a(X* + Y*) = (€% — D?)(Z? + W?)P?, having an integer design of solution is x = k", y =

+1 , _ n+3 §,, — LN+2 0y
k" z = kK", w=K"""p=Kk",

C= <%) )n, D= (%) n a=(1+k*)(k®+ k*)n>.

Verification:

Consider LHS

a(X* + YY) = (1 + kM(K® + kY2 (k*™ + k) = k7 (k® + k*)(1 + k*)%n?
Consider RHS

(C? = D2)(Z% + W2)P? = (1 + k*)2n2(k?™+6 + k22" = k4 (kS + k) (1 + k*)?n?.
Hence LHS = RHS.

E.g. 3: Suppose k = 2 then 1 + k* = 17, is odd; Having an integer design of solution is

X = 2n’y — 2n+1,Z — 2n+3,W — 2n+2’p — Zn,

c= (w) )n — 1450, D = (“”;ﬁ) — 144n

2

C2—D? =(142%2n2, a = (1 +2%)(2° — 29)n2.

42
Supposen=1;thenx=2,y =4,z=16,w =8,p=2,C = 2t +1y) 145,
2

(1+29’-1 2 2 42 4\(96 4
D= — =144. C*—-D*=(1+2%)? =289, a=(1+2%)(2°+ 2%) = 1360.
Consider LHS= a(X* + Y*) =1360(2* + 4*) =.369920

RHS = (€? — D*)(Z? + W?)P?% = 289 x (162 + 82) x4 = 369920.

E.g. 4: Suppose k =3 then 1 + k* = 82, is even; Having an integer design of solution is

1+3%

2
X=3"y =301 7= 3043 )y = 3nH2 = 32 ¢ = ((T) + 1) n = 1681n,

4N 2
D= ((“3 ) - 1>n =1600n, C2 — D? = (1 + 3%)?n? = 6724n,

2
a=(1+ 34)(36 + 34)112 = 66420n2.
143%\?

Supposen=1;thenx=3,y=9,z=81,w=27,p=3,C = ((T) + 1) = 1681,
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1434

2
D= ((T) - 1) = 1600, C2 — D? = 6724, a = 66420

Consider LHS= a(X* + Y*) =66420(3* + 9%) = 441161640

RHS = (C2 — D?)(Z% + W2)P? = 6724 * (81% + 272) + 9 = 441161640

Proportion 3: A Study on exponential integer solution of above Diophantine Equation at B =3 s
a(X* + ¥*) (2Fass (Fa + Foun))” + FaZFos + F)?) = (F2q + (Fy + Fuun)?) (€2 — D?)(22 - WHP,
Explanation: Let x = k™, y = k"1, z = k™3, w = k"2, p = k™

Consider a(X* + Y*) = ak*™(1 + k*)

Again consider (Z2 — W2)P3 = k5"(k® + k*).

It follows that a(X* + Y*) = (C? — D?)(Z? + W?)P3 implies that

ak*™ (1 + k*) = (C* — D)k (k® — k*) implies a(1 + k*) = (C? — D?)(k® + k*)k™. Solve for a, whenever
(1 + k* D, C) becomes a Pythagorean Triplet.

From the References [1],[2],[3].[4],[5],[6],[7].[81,[9],[10],[11],[12] there is so many methods

to generate Pythagorean triplet,

z 2
S; = {(x, V,2): y =1+ -1 if x is an odd prime number or its power}

( , )
z
S, = { (x,y, z):; =1+ 5 if x is an odd composite or its Power, for some p = 1,2,3... }
x
\ (@) -1 )
z
S; =<(x,y, z):; =1+ x2— if x is geometric power of 2
(z) -1
Sy =13 (x,y, z):i =1+ %, otherwise (x is even composite or its power) ;.

(&) -

now I chosen one of the technique of

T 2 T 2
if r is an even number, then (r, (E) -1, (E) + 1) is a Pythagorean triplet.

ré-1

2
If r 1s an odd number, then (T, , TTH) is a Pythagorean triplet.

It implies that (1 + k*, D, C) becomes a Pythagorean Triplet depending on whether 1 + k* is odd or even.

1+k*
2

2 an 2
Case 1: If 1 + k* is even, then ( 1 + k*, ( ) -1, (%) + 1) is a Pythagorean triplet. It follows that

a(l+ k%) = (C*— D?)(k® + k*)k™ and solve for a, whenever (1 + k*, D, C) becomes a Pythagorean Triplet

with € = ((“2"4)2 + 1) nD = ((“2"4)2 _ 1>n

C?—-D%?=(1+k%)?n? and hence @ = (1 + k*)(k® + kH)k™n?.

Hence, we obtain
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2 2
a(X* +¥*) ((2Fas1(Fa + Fue1))” + Fa(@Fuag + Fo)?) = (B2, + (Fy + Fyyn)?) (€2 — D?)(Z% + WP

4, 2
having integer design of solution is x = k™, y = k"*1,z = k"*3,w = k"*2,p = k™, C = ((sz ) + 1) n,

4_ 2
D= ((“2" ) - 1) na=1+kYHkS + kHk™n?.

Verification:

Consider LHS

a(X* +Y*) = (1 + kM) (k® — kMk™n?(k*™ + k) = K52 (k° + k) (1 + k*)?n?
Consider RHS

(C? = D?)(Z% — W2)P3 = (1 + k*)2n2(k?™+6 + k23" = k5 (kS + k) (1 + k*)?n?.
Hence LHS = RHS.

4)2_ 42
Case 2: If 1 + k* is odd, then ( 1 + k*, (1+k2) L (1+k2) +1

) is a Pythagorean triplet. It follows that

a(l+ k%) = (C* — D¥)(k® + k*)k™ and solve for a, whenever (1 + k* D, C) becomes a Pythagorean Triplet

2 2
with € = (%) )n, D= (%) n. Hence

C?>—-D%*=(1+k*?n? and hence @ = (1 + k*)(k® + kH)k™n?.
Hence, we obtain

2 2
a(X* +¥*) ((2Fas(Fa + Fus1)” + Fa@Fuag + F)?) = (F2y + (Fy + Fuyn)?) (€2 — DI)(Z% + WP,

having an integer design of solution is x = k™, y = k™1, z = k"3, w = k"*2,p = k*,

2 2
C= <w) >n, D= (&) n, a=1+k"&S + kHk"n?.

2 2
Verification:

Consider LHS

a(X* +Y*) = (1 + k") (k® — kMk™n? (k*™ + k) = k" (k® + k*) (1 + k*)?n?
Consider RHS

(C? =D (Z2 + WHP3 = (1 + k)2 n2 (k™0 + k23" = K5™(k® + k*)(1 + k*)?n?.
Hence LHS = RHS.

Proportion 4: A Study on Diophantine Equation
2 2
a(X4 + Y4) ((ZFn+1(Fn + Fn+1)) + Fn(ZFn+1 + Fn)z) = (Fr%+1 + (Fn + Fn+1)2) (CZ - DZ)(ZZ + WZ)P4
Letx = kn'y - kn+1,Z - kn+3,W — kn+2'p = k"
Consider a(X* +Y*) = ak**(1 + k*)
Again consider (Z2 + W2)P* = k" (k® + k*).
It follows that
2 2
a(X4 + Y4) ((ZFn+1(Fn + Fn+1)) + Fn(ZFn+1 + Fn)z) = (F1%+1 + (Fn + Fn+1)2) (CZ - DZ)(ZZ + WZ)P4

implies that
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ak*™ (1 + k*) = (C? — D)k (k® — k*) implies a(1 + k*) = (C? — D?)(k® + k*)k?™. Solve for a, whenever

(14 k*, D, C) becomes a Pythagorean Triplet.
From the References [1],[2],[3],[4].[5].[6],[7].[8],[9],[10],[11],[12] there is so many methods

to generate Pythagorean triplet,

z 2
S, = {(x, Y,2): y =1+ o if x is an odd prime number or its power}

z
S, =1(x,y, z):; =14+ if x is an odd composite or its Power, for some p = 1,2,3...

(=) -1

z 2

S; =<(x,y, z):; =1+ x2— if x is geometric power of 2
(z) -1

S, =<(x,y, z):§ =1+ x;z, otherwise (x is even composite or its power) ;.
)

now I chosen one of the technique of

. . r 2 r 2 . .

if r is an even number, then (r, (5) -1, (5) + 1) is a Pythagorean triplet.

r2-1
2

2
If r is an odd number, then (r, , I *1y is a Pythagorean triplet.
> ythag

It implies that (1 + k*, D, C) becomes a Pythagorean Triplet depending on whether 1 + k* is odd or even.

1+k*

a2 2
Case 1: If 1 + k* is even, then ( 1 + k*, (%) -1, (T) + 1) is a Pythagorean triplet. It follows that

a(l+ k%) = (C* — D?)(k® — k*)k™ and solve for a, whenever (1 + k* D, C) becomes a Pythagorean Triplet
. 1+k*\ 2 1+k4) 2

w1thC=(( . ) +1>n,D= (( . ) —1>n

C?>—-D%*=(1+k%?n? andhence @ = (1 + k*)(k® + kH)k?*"n?.

Hence, we obtain a(X*+Y*) = (C? — D?)(Z? + W?)P* having integer design of solution is x = k™, y =

2
KL 7 = k3w = k2 p = kM C = ((14—2k ) n 1) n

D= ((“7"4)2 —1)ma = (1 + kD0 + kDK,

Verification:

Consider LHS

a(X* +Y*) = (1 + kM) (k® + kDK ™n? (k4" + k44 = kO (k® + k*)(1 + k*)?*n?
Consider RHS

(C? = DH(Z? + W2)P* = (1 + k*)?n? (k20 + k244" = k7 (k° + k*)(1 + k*)2n?.
Hence LHS = RHS.
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4\2_ 4\2
Case 2: If 1 + k* is odd, then (1 + k*, (L1 () 71

) is a Pythagorean triplet. It follows that a(1 + k*) =

(C?* — D?)(k® + k*)k™ and solve for a, whenever (1 + k* D, C) becomes a Pythagorean Triplet with C =

((“"Zi) )n, D= (w) n. Hence

2
C?—-D%*=(1+k*?n? and hence @ = (1 + k*)(k® + kH)k?"n?.
Hence, we obtain

2 2
a(X* +¥*) (21 (Fy + Fuen))” + Fa(@Faag + o)) = (F2y + (Fy + Fuyn)?) (€2 — D2)(Z% + WP,

having an integer design of solution is x = k", y = k"1, z = k™3, w = k"*2,p = k",

c= (Lkz)z“) )n, D= (LH‘Z)Z*) n, = (1+ k(K + k*)k?"n?.

Verification: Consider LHS

a(X* + YY) = (1 + kY (k® + kP n?(k*" + k) = K5 (k° + k) (1 + k*)*n?
Consider RHS

(CZ _ DZ)(zZ + WZ)P4 — (1 + k4—)2n2(k2n+6 + k2n+4)k4—n — k6n(k6 + k4)(1 + k4)2n2.
Hence LHS = RHS.

Main result:

From the proportions 1,2,3,4 the Diophantine equation

a(X* +¥*) ((2Fae1 (Fa + Fuen))” + Fa@Fopy + F)?) = (F2q + (Fy + Fyyq)?) (C2 — D?)(22 + W2)PP
witha >0,>0andx<y<w<z

Having integer design of solutions for § > 2 is

x=km"y= k"+1,Z — k"+3,W — kn+2,p = kn

From the References [1],[2],[3],[4],[5],[6],[7],[8],[9],[10],[11],[12] there is so many methods

to generate Pythagorean triplet,

z 2
S; = {(x, y,2): 5 =1+ 71 if x is an odd prime number or its power}

z
S, =1(x,y, z):; =1+ if x is an odd composite or its Power, for some p = 1,2,3...

(=) -

z
S; =1 (x,y, z):J—/ =1+ if x is geometric power of 2

2
X 2
) -1
S, =<(x,y, z):i =1+ x;z, otherwise (x is even composite or its power) ;.
) -
now I chosen one of the technique of

r 2 r 2
if r is an even number, then (r, (E) -1, (E) + 1) is a Pythagorean triplet.
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r?-1

. 241, . .
If r is an odd number, then (r, , %) is a Pythagorean triplet.
If 1 + k* is even then
4y 2 4N 2
C= ((1+2k ) + 1) n, D= <(1+2k ) - 1) na=(1+k"(k® + kP02,

and if 1 + k* is odd then

2 2
C = (%) )Tl, D= (mkzﬁ) n a= (1 + k4)(k6 + k4)k(‘8_2)nn2_

HI.CONCLUSION
This equation generalizes classical Diophantine problems, blending sums of fourth powers with multiplicative
factorizations. While challenging, targeted parametrization and modular analysis can yield solutions. Future work
may classify solutions for specific a, por link to broader number-theoretic frameworks. The parametric
framework provides infinite families of solutions by exploiting algebraic identities and modular arithmetic. Future

work could explore non-parametric solutions or generalizations to higher exponents.
2 2
a(X* +¥*) (2Fpa1 (Fy + Fron))” + Fa2Fops + F)?) = (F2q + (Fy + Foyq)?) (€2 — D?)(Z2 + W)PP

With a >0,>0and X <Y <W < Z,

Having integer design of solutions for § > 2 is parameterized by integers k and n, with variables defined as: x =
k™ y = k™, z = k3w = k2, p = k1, From the References
[11,[21,[31,[4]),[5].[61.[7],[8],[9],[10],[ 11],[12] there is so many methods to generate
Pythagorean triplet,

z 2
S; = {(x, y,2): 5 =1+ 71 if x is an odd prime number or its power}

z
S, =1(x,y, z):; =1+ if x is an odd composite or its Power, for some p = 1,2,3...

(=) -

z
S; =1 (x,y, z):; =1+ if x is geometric power of 2

2
X 2
(z) -1
S, =<(x,y, z):§ =1+ x;z, otherwise (x is even composite or its power) ;.
) -
now I chosen one of the technique of

r 2 r 2
if r is an even number, then (r, (E) -1, (E) + 1) is a Pythagorean triplet.

r2-1

2
If r is an odd number, then (r, , TTH) is a Pythagorean triplet.
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2 2
C = <(1+2k4) + 1) nD = <(1+2k4) _ 1) n, if 1+ k*is even

2 2
C = ((l_kkzﬁ)>n,D = <w)n’ lf1+k4 is odd

2

a=1+k)(k® +kkFDmn?

for B =1isx=k™y=k"',z=k"3,w=k""2p=k*, a=(1+k")(k®+ k*)n?,

C= ((12’(4)2 + 1) nD = ((1+k4)2 - 1) n, if 1+ k*iseven

2

2 2
C= (W))n,l) - (%)n if 1+k*is odd

fOI‘B =2isx= kn’y — kn+1,Z — kn+3,W — kn+2’p — kn,a — (1 + k4)(k6 + k4)n2.

14 k*\? 14 k*\? , ,
C = 5 +1|nD= —1]|n, if 1+k*iseven

2

o= (L), (ko

. 4.
> > )n, if 1+ k*isodd
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