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ABSTRACT: Mathematical proof of one property of quadratic mean has been presented in this research article. The
property states that the quadratic mean of the quadratic means of the respective possible subsets of fixed size of a set of
positive real numbers is the Quadratic mean of the original set of numbers and also the quadratic mean of the quadratic
means of the respective non-empty possible subsets a set of positive real numbers is the quadratic mean of the original
set of numbers.
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I. INTRODUCTION

Average, a mathematical/statistical concept, is a single entity that describes/represent a set of many entities [1 , 52].

The great mathematician Pythagoras first developed three measures of average termed as arithmetic mean [2 , 6 , 59],

geometric mean [2 , 6] and harmonic mean [2 , 6 , 58] which together is also popularly known as “Pythagorean Means”
[3, 7, 15]. Later on, a number of definitions / formulations of average were developed due to necessity of handling

different situations some of which are quadratic mean or root mean square, square root mean , cubic mean, cube root

mean, generalized p mean& generalized p™ root mean etc. [8 , 32, 51,53, 54, 57]. In addition to these, generalized

definitions of average had also been developed for deriving measures of average [10 — 14]. Moreover, one general

method had been identified for defining average of a set of values of a variable as well as a generalized method of
defining average of a function of a set (or of a list) of values [9, 16, 17, 20]. Recently, four formulations of average

have been derived from the three Pythagorean means which are arithmetic- geometric mean, arithmetic-harmonic mean,
geometric -harmonic mean and arithmetic- geometric -harmonic respectively [19, 32].

Each of the measures of average is to carry its own properties of whose some are known. Several studies have already
been done on properties of arithmetic mean, geometric mean & harmonic mean [2,3, 6,39 ,40,42 — 44,46 ,47 ,
51,53,54,58,59]. Arithmetic mean, geometric mean & harmonic mean have been found to be widely in developing
most of the statistical measures of characteristics of data like central tendency, dispersion etc. [7, 15,21 — 31,36, 37]
and in developing the statistical concept of expectation [5 , 33 — 35, 38,41, 55, 56]. However, more properties of
these means are yet to be identified due to their importance in mathematical/statistical analysis of numerical data. One
more mathematical property of arithmetic mean which states that the arithmetic mean of the arithmetic means of the
respective possible subsets of fixed size of a set of real numbers is the arithmetic mean of the original set of numbers
and also the arithmetic mean of the arithmetic means of the respective non-empty possible subsets a set of real numbers
is the arithmetic mean of the original set of numbers, was mathematically established in a recent study since no
research publication on the proof of this property had been found available [48].Similar property of geometric mean[49]
and of harmonic mean [50] have also been mathematically established in two separate studies. Similar property of
quadraticmeanharmonic has mathematically been proved in this study. This mathematical proof of this property has
been presented in this article along with numerical example.
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II. QUADRATIC MEAN OF A SET OF ELEMENTS

Let us first mention the definition of arithmetic mean of a set of real numbers.
Definition

Let us consider a set of zpositive real numbers namely

Xpy Xy eeennnn. , Xp,
Then the quadratic mean O= Q(X1, X3 5 «veunn... , Xy )of them is given by
O=0(X1, X3 s wveerers )= {2t )
Let us abbreviate quadraticmean by OM.
Note:
The definition of OM implies that
X2+ 2+ +x, 2= {0(x1, Xg 5 eeennn. , X))

i.e. the sum of squares of 72 positive real numbers is 7 times of the square of JM of the numbers.

III. QUADRATIC MEAN OF QUADRATIC MEANS OF POSSIBLE SUBSETS OF FIXED SIZE

Suppose, a set P consists of the Nreal numbers

o P P , ay
as elements so that
Sum of squares of the NV elements of S =a12 + a22 +o +ClN2
1
&OM of the N elements of S= {N (a>+a>+...... +ay?)} 1/2=Q, say

Let us consider the possible subsets of P having # elements in each set.
The number of such possible subsets is C(N , )
N!
n!(N—-n)!
Among the C(N , n) possible subsets, there are
C(N -1, n - 1)subsets witha, as 1% element,

C(N -2, n -2)subsets with @ as 1 element and not having a4,
C(N -3, n - 3)subsets with a3 as 1¥'element and not having a; ga, ,

v N
Where C((N ,n)= "C, = =
n

C(N -1, N - 2) subsets with @y _ 5,47 as 1% element and not having ay, @y , ........ AN— n+3 »
C(N -1, N - 1) subsets with @y _ 41 as 1¥element and not having ay, dy , ........ AN—-n+2 >
such that
Total number of possible subsets
=CIN-1,n-1)+C(N-2,n-2)+rC(N-3,n-3)+ ........... +C(N-1,N-2)+C(N-1,N-1)=
C(N, n)

and that each @; appears a total of C(N -1, n - 1) times in the set containing all possible C(N , 1) subsets.

Suppose,
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Ql > QZﬂ Q3 5 meeeeeees > QC(N, n)—1-» QC(N, n)
are the QM s of the respective subsets and
Sl 5 Sz 5 S3, ......... 5 SC(N, Tl) -1 ’SC(N, Tl)

are the sums of squares of the respective elements of the respective subsets so that

2
51=NQ1 >
SZZNQZZD

2
53: NQB >

— 2
SNCn_l_NQC(N, n)—-1 >
S("C)=NQcwv, wy -
Now,

Sl + Sz + S3+ ......... + SC(N, Tl) _1+ SC(N, Tl)

is the sum of squares of all elements in the set containing all possible e , subsets of the original set S where each a;

appears a total of C(V , 1) times.

Therefore,

S1+85,+85:+ + Sev, -1t Seav, w
=CIN-1,n-D.(a’>+a*+....... +ay?)

Accordingly,

OM of the OMs of the respective possible " C, subsets

= {ﬁ(le +Q7+ Q5%+ + Qe 1"+ Qe, n)z)}l/2
= {ﬁN(S1 + 8y + Sat e, +Seev, m-1+ Scav, )"
= N G el vy )}

e gty ?

=0

= OM of the elements of P

Therefore,

OM of the OM:s of the respective possible C(IN , 1) subsets = OM of the elements of P

IV. QUADRATICMEAN OF QUADRATICMEANS OF All NON-EMPTY POSSIBLE SUBSETS

The set P has a total of (2" 1)number of non-empty subsets of which

number of possible subsets having single element in each isC(N , 1) ,
number of possible subsets having 2 elements in each is C(NV , 2) ,

Copyright to IJARSET wwWw.ijarset.com 23798



ISSN: 2350-0328

International Journal of Advanced
Research in Science, Engineering and
Technology

Vol. 12, Issue 9, September 2025

number of possible subsets having 77 —1 elements in each is C(N , n -1) ,
number of possible subsets having 72 elements is in each C(N , n)

such that

Total number of all possible non-empty subsets
=C(N,1)+C(N,2)+ ........... +C(N,n-1)+ C(N, n)
=2"-1

By the results obtained in section 3,
OM of the OM:s of the respective possible subsets having 1 element in each = QM of the elements of S=Q
Similarly,

OMof theQM:s of the respective possible subsets having 2 elements in each =0,

OM of theQM:s of the respective possible subsets having 72 -1 elements in each =0,
OM of theQMs of the respective possible subsets having 71 elements in each =0.

Therefore,

OM of the QMs of all respective possible non-empty subsets of S=(0" )" =0
i.e.OM of the OM:s of all respective possible non-empty subsets of S=O=0M of the elements of S

V.NUMERICAL EXAMPLE

Let us consider the following set Sof five real numbers
§=1{2,4,6,8,10}
so that
OM of the elements of S= 6.6332495807107996982298654733414

Now, 5C1 = 5 possible subsets of Shaving single element are

{2}, 14}, {6}, {8}, {10}
Corresponding 5 OMs of the element if the respective subsets are
2,4,6,8,10
and the OM of these 5 OMs is
6.6332495807107996982298654733414
which is the OMof the elements of S.

Similarly, 5C2 = 10possible subsets of Shaving 2 elements are

{2,47,{2,6},{2,8},{2,10},{4,6},{4,8},{4,10},{6,8},{6,10}, {8,10}
Corresponding 10 OMs of the element if the respective subsets are

3.1622776601683793319988935444327 ,4.4721359549995793928183473374626 ,
5.8309518948453004708741528775456 , 7.211102550927978586238442534941 ,
5.0990195135927848300282241090228 , 6.3245553203367586639977870888654 ,
7.6157731058639082856614110271583, 7.0710678118654752440084436210485 ,
8.2462112512353210996428197119482 , 9.055385138137416626573808166984 1
and the OM of these 10 OMs is
6.6332495807107996982298654733414
which is the H/Mof the elements of S.

Again, 5C3 = 10 possible subsets of Shaving 3 elements are

{2,4,6},{2,4,8;,{2,4,10},{2,6,8},{2,6,10},
{2,8,10},{4,6,8},{4,6,10},{4,8,10},{6,8,10}
Corresponding 10 HMs of the element if the respective subsets are
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4.320493798938573487310644957392 ,5.2915026221291811810032315072785 ,
6.3245553203367586639977870888654 , 5.8878405775518979031760284846395 ,
6.8313005106397322554806924536807 , 7.4833147735478827711674974646331
6.218252702059210030369650361547 , 7.1180521680208741405410159770638 ,
7.7459666924148337703585307995648 , 8.1649658092772603273242802490196
and the QM of these 10 OMs is also
6.6332495807107996982298654733414

which is the OM of the elements of S.

Moreover, 5C 4 = Spossible subsets of Shaving 4 elements are

{2,4,6,8},{2,4,6,10},{2,4,8,10},{2,6,8,10},{4,6,8, 10}
Corresponding 10 F/Ms of the element if the respective subsets are
5.477225575051661134569697828008 ,6.2449979983983982058468931209398 ,
6.782329983125268139064556326626 , 7.1414284285428499979993998113673 ,
7.3484692283495342945918522241177
and the QM of these 10 OMs is also
6.6332495807107996982298654733414
which is the OMof the elements of S.

Moreover, SCS = Ipossible subset of Shaving 5 elements is

{2,4,6,8,10}
OM of the elements in this subset is
6.6332495807107996982298654733414
which is the OM of the elements of S.

Finally, the OM of all the 2°—1=31 OM s of the corresponding elements of the respective 31 subsets is found after
computation as
6.6332495807107996982298654733414

which is the OMof the elements of S.

VI. CONCLUSION

Findings on the property of quadraticmean,obtained in this study, can be summarized as follows:

“The quadratic mean of the quadratic means of the respective possible subsets of fixed size of a set of positive real
numbers is the quadratic mean of the original set of numbers and the quadratic mean of the quadratic means of non-
empty possible subsets a set of positive real numbers is the quadratic mean of the original set of numbers.”

The property/result of quadratic mean obtained here is hoped to be useful for analysis of data specially on estimation
based on sample from population.

In this connection, it is to be mentioned that each of arithmetic mean, geometric mean, harmonic mean and quadratic
mean is required to be computed/estimated in similar type of situation .The property of quadratic mean derived here
will be useful in such problem of estimating population quadratic mean from sample data. Of course, similar properties
of arithmetic mean, geometric mean and harmonic mean were derived in earlier studies [48 , 49 , 50] which are useful
in estimating population arithmetic mean, population geometric mean and population harmonic mean from sample data.
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