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ABSTRACT: One property of cubic mean has been derived mathematically. The property states that the cubic 

mean of the cubic means of the respective possible subsets, of fixed size, of a set of positive real numbers is the 

cubic mean of the original set of numbers and also the cubic mean of the cubic means of the respective non-empty 

possible subsets a set of positive real numbers is the cubic mean of the original set of numbers. Derivation of the 

property along with numerical example has been presented in this article.          
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I. INTRODUCTION 

 

There had already been done many research studies on average [1 , 54] since the introduction of its concept. He 

was Pythagoras who first developed three measures of average termed as arithmetic mean [2 , 6 , 61], geometric 

mean [2 , 6] and harmonic mean [2 , 6 , 60] which together is also popularly known as  “Pythagorean Means” [3 , 

7 , 15]. Later on, a number of definitions / formulations of average were developed due to necessity of handling 

different situations some of which are quadratic mean or root mean square, square root mean , cubic mean, cube 

root mean,  generalized p mean & generalized pth root mean etc. [4 , 8 , 18 , 32 , 45 , 53 , 55 , 56 , 59]. In addition 

to these, generalized definitions of average had also been developed for deriving measures of average [10 − 14]. 

Moreover, one general method had been identified for defining average of a set of values of a variable as well as 

a generalized method of defining average of a function of a set (or of a list) of values [9 , 16 , 17 , 20].  In another 

study, four formulations of average were derived from the three Pythagorean means which are arithmetic- 

geometric mean, arithmetic- harmonic mean, geometric - harmonic mean and arithmetic- geometric - harmonic 

respectively [19 ,  32].    

  

Each of the measures of average is to carry its own properties of whose some are known. Several studies have 

already been done on the properties of arithmetic mean, geometric mean, harmonic mean & quadratic mean [2 , 

3 ,  6 , 39 , 40 , 42 − 47 , 60 , 61]. Arithmetic mean, geometric mean & harmonic mean have been found to be 

widely in developing most of the statistical measures of characteristics of data like central tendency, dispersion 

etc. [7 , 15 , 21 − 31 , 36 , 37] and in developing the statistical concept of expectation [5 , 33 − 35 , 38 , 41 , 57 , 

58]. However, more properties of these means are yet to be identified due to their importance in 

mathematical/statistical analysis of numerical data. One more mathematical property of arithmetic mean which 

states that the arithmetic mean of the arithmetic means of the respective possible subsets of fixed size of a set of 

real numbers is the arithmetic mean of the original set of numbers and also the arithmetic mean of the arithmetic 

means of the respective non-empty possible subsets a set of real numbers is the arithmetic mean of the original 

set of numbers, was mathematically established in a recent study since no research publication on the proof of this 

property had been found available [48]. Similar properties of geometric mean, harmonic mean, quadratic mean 

and square root mean have also been mathematically established in separate studies [49 , 50 , 51 , 52]. The Similar 

property of cubic mean has mathematically been derived in this study. The property states that the cubic mean of 

the cubic means of the respective possible subsets of fixed size of a set of positive real numbers is the cubic mean 

of the original set of numbers and also the cubic mean of the cubic means of the respective non-empty possible 

subsets a set of positive real numbers is the cubic mean of the original set of numbers. Derivation of the property 

along with numerical example has been presented in this article.              
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II. CUBIC MEAN OF A SET OF NUMBERS 

Let us first mention the definition of cubic mean of a set of real numbers. For convenience, let us consider a set 

of n positive real numbers. 

Definition 

Let   𝑥1 , 𝑥2 ,  ………  , 𝑥𝑛 

be a set of n positive real numbers. 

Then the cubic mean C = C(𝑥1 , 𝑥2 ,  ………  , 𝑥𝑛) of them is given by        

               C = C(𝑥1 , 𝑥2 ,  ………  , 𝑥𝑛)  =  {
1𝑛 (x13 + 𝑥23 + ……. + 𝑥𝑛3 )}1/3      

where the principal value of cube root is taken. 

Let us abbreviate cubic mean by CM. 

Note:  

The definition of CM implies that  x13 + 𝑥23 + ……. + 𝑥𝑛3  = n.{C(𝑥1 , 𝑥2 ,  ………  , 𝑥𝑛)}3    

i.e. the sum of cubes of n positive real numbers is n times of the cube of the CM of the numbers.         

 

 

III. CUBIC MEAN OF CUBIC MEANS OF POSSIBLE SUBSETS OF FIXED SIZE  

  

Suppose, a set S consists of the N real numbers  𝑎1 , 𝑎2 ,  ………  , 𝑎𝑁  

as elements so that   

Sum of cubes of the N elements in S = 𝑎13 + 𝑎23 + ……. + 𝑎𝑁3   

& CM of the N elements in S = {
1𝑁 (𝑎13 + 𝑎23 + ……. + 𝑎𝑁3)}1/3 = C0  , say     

Let us consider the possible subsets of S having n elements in each set.  

The number of such possible subsets is C(N , n)   

where    C(N , n) = n

NC = 







n

N
 =  

𝑁! 𝑛!(𝑁−𝑛)!     
Among the C(N , n)  possible subsets, there are   

C(N − 1 , n − 1) subsets with 𝑎1 as 1st
 element, 

C(N − 2 , n − 2) subsets with 𝑎2 as 1st
 element and not having 𝑎1 ,  

C(N − 3 , n − 3) subsets with 𝑎3 as 1st element and not having 𝑎1 & 𝑎2 ,   

………………………………………………………………………………. 
C(N −1 , N − 2) subsets with 𝑎𝑁− 𝑛+2 as 1st

 element and not having  𝑎1 , 𝑎2 ,  …….. 𝑎𝑁− 𝑛+3 ,     

C(N − 1 , N − 1) subsets with 𝑎𝑁− 𝑛+1 as 1st element and not having  𝑎1 , 𝑎2 ,  …….. 𝑎𝑁− 𝑛+2 ,      

such that   

    Total number of possible subsets 

= C(N − 1 , n − 1) + C(N − 2 , n − 2) + C(N − 3 , n − 3) +  ……….. + C(N −1 , N − 2)  

   + C(N − 1 , N − 1)  = C(N , n)       

http://www.ijarset.com/


ISSN: 2350-0328

 
 

Copyright to IJARSET                                               www.ijarset.com                                                                           23990 
 

 

 

International Journal of Advanced 

Research in Science, Engineering 

and Technology 

Vol. 12, Issue 11, November 2025 

 

 
and that each 𝑎𝑖 appears a total of  C(N − 1 , n − 1) times in the set containing all possible C(N , n) subsets.     

Suppose,  𝐶1 , 𝐶2  , 𝐶3 ,   ………  , 𝐶𝐶(𝑁 ,   𝑛) −1 , 𝐶𝐶(𝑁 ,   𝑛)  
are the CMs of the respective subsets and 𝑆1 , 𝑆2 , 𝑆3 ,   ………  , 𝑆𝐶(𝑁 ,   𝑛) −1 ,  𝑆𝐶(𝑁 ,   𝑛)       
are the sums of cubes of the respective n elements in the respective subsets so that         

       𝑆1 = n 𝐶13  ,  

      𝑆2 = n 𝐶23 ,  

     𝑆3 = n 𝐶33 ,        

     ………….……  
    𝑆𝐶(𝑁 ,   𝑛) −1 = n 𝐶𝐶(𝑁 ,   𝑛) −1 3  ,    

  𝑆𝐶(𝑁 ,   𝑛)  = n 𝐶𝐶(𝑁 ,   𝑛) 3    .     

Now,   𝑆1 + 𝑆2 + 𝑆3 +   ………  +  𝑆𝐶(𝑁 ,   𝑛) −1 + 𝑆𝐶(𝑁 ,   𝑛)         
is the sum of cubes of all elements in the set containing all possible C(N , n) subsets of the original set S where 

each 𝑎𝑖 appears a total of C(N − 1 , n − 1) times.      

Therefore, 

               𝑆1 + 𝑆2 + 𝑆3 +   ………  + 𝑆𝐶(𝑁 ,   𝑛) −1   + 𝑆𝐶(𝑁 ,   𝑛)       
       = C(N − 1 , n − 1) (𝑎13 + 𝑎13 + ……. + 𝑎𝑁3 )        

Accordingly,    

      CM of the CMs of the respective possible C(N , n) subsets   

= {
1 𝐶(𝑁 ,𝑛)   (𝐶13  + 𝐶23  + 𝐶33  +   ………  +  𝐶𝐶(𝑁 ,   𝑛) −13  + 𝐶𝐶(𝑁 ,   𝑛) 3 )}1/3

 

= {
1  𝐶(𝑁 ,𝑛)   1 𝑛  (𝑆1 + 𝑆2 + 𝑆3 +   ………  +  𝑆𝐶(𝑁 ,   𝑛) −1 + 𝑆𝐶(𝑁 ,   𝑛)  )}1/3  

= {
1  𝐶(𝑁 ,𝑛)   1 𝑛  C(N − 1 , n − 1) (𝑎13 + 𝑎23 + ……. + 𝑎𝑁3)}1/3 

= {
1𝑁 (𝑎13 + 𝑎23 + ……. + 𝑎𝑁3)}1/3   

  = C0 

= CM of the elements of S     

Therefore, 

CM of the CMs of the respective possible C(N , n) subsets = CM of the elements of S  
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IV. CUBIC MEAN OF CUBIC MEANS OF All NON-EMPTY POSSIBLE SUBSETS  

  

Now, the set S has a total of (2n – 1) number of non-empty subsets of which   

Number of possible subsets having single element in each is C(N , 1) , 

Number of possible subsets having 2 elements in each is C(N , 2) , 

……………………………………………………………………….  
Number of possible subsets having n −1 elements in each is C(N , n −1) , 

Number of possible subsets having n elements is in each C(N , n)     
such that  

    Total number of all possible non-empty subsets  

= C(N , 1) + C(N , 2) +  ……….. + C(N , n −1) + C(N , n) 

= 2n − 1    

By the results obtained in section III,  

      CM of the CMs of the respective possible subsets having 1 element in each = CM of the elements of S = 

C0 

Similarly,  

      CM of the CMs of the respective possible subsets having 2 elements in each = C0 ,  

       …………………………………………………………………………………….  
    CM of the CMs of the respective possible subsets having n -1 elements in each = C0 , 

        CM of the CMs of the respective possible subsets having n elements in each = C0 .  

Therefore,  

       CM of the CMs of all respective possible non-empty subsets of S  
= C0 

i.e.  CM of the CMs of all respective possible non-empty subsets of S = C0  = CM of the elements of S     
 

    

V. NUMERICAL EXAMPLE 

 

Let us consider the following set S of five real numbers 

S = {2 , 4 , 6 , 8 , 10} 
so that       

CM of the elements of S = 7.1137866089801256120123092444778  

Now,  
1

5C  = 5 possible subsets of S having single element are  

{2} , {4} , {6} , {8} , {10} 

Corresponding 5 CMs of the elements in the respective subsets are   

2 , 4 , 6 , 8 , 10 

and the CM of these 5 CMs is  

7.1137866089801256120123092444778  

which is the  CM of the elements in S.  

Similarly, 2
5C  = 10 possible subsets of S having 2 elements are  

{2 , 4} , {2 , 6} , {2 , 8} , {2 , 10} , {4 , 6} , {4 , 8} , {4 , 10} , {6 , 8} , {6 , 10} , {8 , 10} 

Corresponding 10 CMs of the elements in the respective subsets are   

3.3019272488946266838746099524091 , 4.8202845283504599722567393352065 , 

6.3825042988599074759262927704682 , 7.9581144157927837193290559754975 , 

5.1924941018511040261944552486014 , 6.6038544977892533677492199048182 , 
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8.1028390190438933403800709351726 , 7.1400369819215569770324989529422 , 

8.4716471685097863277963048484358 , 9.109766915626987558262428735517    

and the CM of these 10 CMs is  

7.1137866089801256120123092444778   

which is the  CM of the elements in S.   

Again, 
3

5C = 10 possible subsets of S having 3 elements are 

{2 , 4 , 6} , {2 , 4 , 8} , {2 , 4 , 10} , {2 , 6 , 8} , {2 , 6 , 10} ,  

{2 , 8 , 10} , {4 , 6 , 8} , {4 , 6 , 10} , {4 , 8 , 10} , {6 , 8 , 10}  

Corresponding 10 CM s of the elements in the respective subsets are   

4.5788569702133274712321688477587 , 5.7955839022928969998580518381993 , 

7.09617815427233765976153990733 , 6.2601612486690335545492105486213 , 

7.4168595385323789452776270397775 , 7.9721252095356585268517398149837 , 

6.415068659991652975105030343439 , 7.528288231048227928620421816117 , 

8.0688502008105920146564214123718 , 8.3203352922076164581202272974315  

and the CM of these 10 CMs is also  

7.1137866089801256120123092444778        

which is the  CM of the elements in S.   

Moreover, 
4

5C = 5 possible subsets of S having 4 elements are   

{2 , 4 , 6 , 8} , {2 , 4 , 6 , 10} , {2 , 4 , 8 , 10} , {2 , 6 , 8 , 10} , {4 , 6 , 8 , 10} 

Corresponding 10 CMs of the elements in the respective subsets are   

5.8480354764257321310135747202758 , 6.8541240018326251757874461799474 , 

7.3434204620499626854744154948723 , 7.5711742781908530381051767662852 , 

7.651724731089556404796467358195 

and the CM of these 10 CMs is also  

7.1137866089801256120123092444778   

which is the  CM of the elements in S.  

Moreover, 5
5C = 1 possible subset of S having 5 elements is   

 {2 , 4 , 6 , 8 , 10}  

CM of the elements in this subset is  

7.1137866089801256120123092444778    

which is the  CM of the elements in S.     

Finally,  

 the CM of all these 12
5 − (= 31) CMs of the corresponding elements of the respective 31 subsets is found 

after computation as  

7.1137866089801256120123092444778   

which is the  CM of the elements in S.    

 

 

VI. CONCLUSION 

 

Findings on the property of cubic mean, obtained in this study, can be summarized as follows: 

“The cubic mean of the cubic means of the respective possible subsets of fixed size of a set of positive real numbers 

is the cubic mean of the original set of numbers and the cubic mean of the cubic means of non-empty possible 

subsets a set of positive real numbers is the cubic mean of the original set of numbers.”   

 

The property/result on cubic mean obtained here is hoped to be useful for analysis of data specially on estimation 

based on sample from  

population.   
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