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ABSTRACT: A formula has been derived for computing quadratic mean of a set of observations, which is a combined 
set of several sets of observations, when the observations are unknown but the respective quadratic means of the sets and 
the respective numbers of observations in the sets are known. This article is based on the derivation of the formula along 
with numerical example.   
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I. INTRODUCTION 

 

Many researches/studies had been done on average [1 , 47] which is an entity that describes a set of many entities. 

Pythagoras, the pioneer of developing measures of average, derived three measures of average namely arithmetic mean 

[2 , 6 , 54], geometric mean [2 , 6] and harmonic mean [2 , 6 , 53] popularly known as  “Pythagorean Means” [3 , 7 , 15]. 

Later on, a number of definitions / formulations of average had been derived due to necessity of handling different 

situations. Some of them are quadratic mean or root mean square, square root mean , cubic mean, cube root mean,  

generalized p mean & generalized pth root mean etc. [8 , 32]. In addition to these, generalized definitions of average had 

also been developed for deriving measures of average [10 − 14]. Moreover, one general method had been identified for 

defining average of a set of values of a variable as well as a generalized method of defining average of a function of a set 

(or of a list) of values [9 , 16 , 17 , 20].  Recently, four formulations of average have been derived from the three 

Pythagorean means which are arithmetic-geometric mean, arithmetic-harmonic mean, geometric-harmonic mean and 

arithmetic-geometric-harmonic respectively [19 ,  32].   

 

Each of the measures of average is to carry its own properties of whose some are known. Several studies have already 

been done on properties of arithmetic mean, geometric mean & harmonic mean [2 , 3 ,  6 , 39 , 40 , 42 − 44 , 53 , 54]. 

Arithmetic mean, geometric mean & harmonic mean have been found to be widely in developing most of the statistical 

measures of characteristics of data like central tendency, dispersion etc. [7 , 15 , 21 − 31 , 36 , 37] and in developing the 

statistical concept of expectation [5 , 33 − 35 , 38 , 41 , 50 , 51]. It is to be mentioned that quadratic mean [4 , 46 , 48 , 

52], which focuses on the effective magnitude or "strength" of a set of values, is also very important and useful in 

various fields like Physics, Engineering & Signal Processing, Statistics, Error Analysis, Forestry and in many others 

[46 , 48 , 49 , 52]. For this reason, it is also important to identify the properties satisfied by quadratic mean. For this 

reason, some basic properties of quadratic mean have been identified in a recent study [45]. 

 

There are many situations where quadratic means of several sets of observations are available but the observations are 

not available and it is required to find out the quadratic mean of all the observations of the sets combined together [44]. 

Attempt has here been made on deriving a formula for computing quadratic mean of a set of observations which is a 

combined set of a number of sets of observations when the observations are unknown but the respective quadratic means 

of the sets and the respective numbers of observations in the sets are known. Derivation of the formula, along with 

numerical example, has been presented in this article.   

 

 

Combined Set of Several Sets of 

Observations: Quadratic Mean  
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II. QUADRATIC MEAN 

Quadratic mean of a Set of Numbers: 

Definition 

Let us consider a list of N real numbers or values namely 

a1 , 𝑎2 , …… , 𝑎𝑁  

Quadratic mean of them, denoted by Q(a1 , 𝑎2 , …… , 𝑎𝑁), is defined by       

                 Q(a1 , 𝑎2 , …… , 𝑎𝑁) = { 
1

𝑁
 (a1

2 + 𝑎2
2 + ……. + 𝑎𝑁

2 )}1/2                          (2.1) 

where the absolute (positive) square root is taken [4 , 46 , 48 , 52]. 

 

Note (2.1): 

Arithmetic mean of  a1 , 𝑎2 , …… , 𝑎𝑁 , denoted by A(a1 , 𝑎2 , …… , 𝑎𝑁), is defined by1 

A(a1 , 𝑎2 , …… , 𝑎𝑁)  =  
1

𝑁
 (a1 + 𝑎2 + …… + 𝑎𝑁)     

which implies, 

                     Q(a1 , 𝑎2 , …… , 𝑎𝑁) = {A(a1
2 ,  𝑎2

2 , ……. , 𝑎𝑁
2)}1/2                               (2.2) 

Thus, quadratic mean of a set of numbers can also be defined as the absolute square root of arithmetic mean of squares 

of the numbers. 

 

Note (2.2): 

The definition of quadratic mean implies that 

                           a1
2 + 𝑎2

2 + ……. + 𝑎𝑁
2  =  N.(Q(a1 , 𝑎2 , …… , 𝑎𝑁)2

 

  i.e.         Sum of squares of  a1 , 𝑎2 , …… , 𝑎𝑁 =  N.(Q(a1 , 𝑎2 , …… , 𝑎𝑁)2
                                 (2.3) 

Thus if q(a) is the quadratic mean of  a1 , 𝑎2 , …… , 𝑎𝑁 ,    

then  

             Sum of squares of  a1 , 𝑎2 , …… , 𝑎𝑁 =  N.{q(a)}2
         

   i.e.    Sum of squares of the N numbers =  N times of the square of the quadratic mean of the numbers          

Note (2.3): 

As per the definition quadratic mean from first principle [8 , 18], quadratic mean of the numbers   

a1 , 𝑎2 , …… , 𝑎𝑁  

is the value q(a) such that    

             a1
2 + 𝑎2

2 + ……. + 𝑎𝑁
2  =  {q(a)}2 + {q(a)}2 + ……. +{q(a)}2                           (2.4) 
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This also implies the equation (2.3).      

 

 

III. QUADRATIC MEAN OF COMBINED SET  

  

Suppose, there are k sets namely  

𝑆1 , 𝑆2 ,  ………  , 𝑆𝑘 
 

containing  

𝑛1 , 𝑛2 ,  ………  , 𝑛𝑘   

real valued observations respectively such that quadratic means of the respective sets of observations are   

  𝑞1 , 𝑞2 ,  ………  , 𝑞𝑘   

respectively.  

If the observations in the k sets are combined together to form a single set 𝑆, then this set will contain  

𝑛1 + 𝑛2 +  ………  + 𝑛𝑘  

observations.  

By equation (2.3),  

Sum of squares of observations in the set 𝑆1  =   𝑛1𝑞1
2  ,  

Sum of squares of observations in the set 𝑆2  =   𝑛2𝑞2
2
  ,   

......................…………………………………………. 

Sum of squares of observations in the set 𝑆𝑘  =   𝑛𝑘𝑞𝑘
2  .       

This implies,  

Sum of squares of observations in the set 𝑆  =  𝑛1𝑞1
2 + n2q2

2 +  ………  + 𝑛𝑘𝑞𝑘
2      

 Therefore by equation (2.1), quadratic mean  q of the observations in the set  S will be    

                     q =  ( 
𝑛1𝑞12 + n2q22 +  ………  + 𝑛𝑘𝑞𝑘2

 𝑛1 + 𝑛2 +  ………  + 𝑛𝑘
  )1/2                                                     (3.1) 

This is the formula for computing quadratic mean of a combined set of several sets of observations when the 

observations are unknown but the quadratic means of the sets and the numbers of observations in the respective sets are 

known. 

This formula has been stated in the form of a theorem below: 

Theorem: 

 If  𝑞1 , 𝑞2 ,  ………  , 𝑞𝑘  are quadratic means of respective sets having 𝑛1 , 𝑛2 ,  ………  , 𝑛𝑘   observations 

respectively then the quadratic mean of the set of all observations in the k sets combined together is given by   

𝑞 =  ( 
𝑛1𝑞12 + n2q22 +  ………  + 𝑛𝑘𝑞𝑘2

 𝑛1 + 𝑛2 +  ………  + 𝑛𝑘
  )1/2    
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Corollary: 

In particular, if qx & 𝑞𝑦 is the quadratic means of  

𝑥1 , 𝑥2 ,  ………  , 𝑥𝑚 

&    

𝑦1 , 𝑦2 ,  ………  , 𝑦𝑛  

respectively,  

then the quadratic mean 𝑞𝑥𝑦 of    

𝑥1 , 𝑥2 ,  ………  , 𝑥𝑚 , 𝑦1 , 𝑦2 ,  ………  , 𝑦𝑛 

is given by          

𝑞𝑥𝑦 =  ( 
𝑚𝑞𝑥𝑦2 + n qy2 

 𝑚 + 𝑛 
 )1/2   

Note: 

The formula given by equation (3.1), stated in the theorem, can also be expressed as  

                           𝑞 = (𝑤1𝑞1
2 + w2q2

2 +  ………  + 𝑤𝑘𝑞𝑘
2 )1/2                                         (3.2) 

where      

         𝑤1 =  
𝑛1

 𝑛1 + 𝑛2 +  ………  + 𝑛𝑘
     , 

         𝑤2 =  
𝑛2

 𝑛1 + 𝑛2 +  ………  + 𝑛𝑘
    ,  

         …………………………………  

         𝑤𝑘 =  
𝑛𝑘

 𝑛1 + 𝑛2 +  ………  + 𝑛𝑘
     .  

This formula can sometimes be more convenient in computational works.   

 

  

IV. NUMERICAL EXAMPLE 

 

Let us consider the following three sets of numbers 

{1 , 3 , 5 , 7 , 9} , {2 , 4 , 6 , 8 , 10 , 12} & {3 , 6 , 9 , 12 , 15 , 18 , 21} 

As per the formula given by equation (2.1) in Definition, 

   Quadratic mean of the numbers in the 1st set = 5.7445626465380286598506114682189, 

   Quadratic mean of the numbers in the 2nd set = 7.7888809636986150737747899284054  

&  Quadratic mean of the numbers in the 3rd set =  13.416407864998738178455042012388 .  

Now, the combined set of the 1st set and the 2nd set is  

{1 , 3 , 5 , 7 , 9 , 2 , 4 , 6 , 8 , 10 , 12} 

http://www.ijarset.com/
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so that by equation (2.1), 

Quadratic mean of the numbers in this combined set = 6.9347609252885633208766775403114  

Applying the formula given by equation (3.1), the value of quadratic mean of the numbers in this combined set is also 

found as 6.9347609252885633208766775403114 .     

 
Similarly, the combined set of the 1st set and the 3rd set is  

{1 , 3 , 5 , 7 , 9 , 3 , 6 , 9 , 12 , 15 , 18 , 21}  

so that by equation (2.1),  

Quadratic mean of the numbers in this combined set = 10.897247358851683880592454959649 

Applying the formula given by equation (3.1), the value of quadratic mean of the numbers in the combined set is also 

found as  10.897247358851683880592454959649 .    

Also, the combined set of the 2nd set and the 3rd set is  

{2 , 4 , 6 , 8 , 10 , 12 , 3 , 6 , 9 , 12 , 15 , 18 , 21} 

so that by equation (2.1),  

Quadratic mean of the numbers in this combined set = 11.176899253508413147976354627433  

Applying the formula given by equation (3.1), the value of quadratic mean of the numbers in the combined set is also 

found as. 11.176899253508413147976354627433    

Moreover, the combined set of all the three sets is  

{1 , 3 , 5 , 7 , 9 , 2 , 4 , 6 , 8 , 10 , 12 , 3 , 6 , 9 , 12 , 15 , 18 , 21} 

so that by equation (2.1), 

Quadratic mean of the numbers in this combined set = 9.969397619158786912151531249173  

Applying the formula given by equation (3.1), the value of quadratic mean of the numbers in the combined set is also 

found as  9.969397619158786912151531249173 .    

 

 

V. CONCLUSION 

 

The type of situation, where respective quadratic means of several sets of observations obtained from independent studies 

are available but the observations are not available and it is required to find out the quadratic mean of all the observations 

of the sets combined together, arises in many research studies specially in meta analysis in clinical trials [1 , 4 , 5]. The 

formula derived here is a solution of this type of problem. 

In this connection, it is to be mentioned that each of arithmetic mean, geometric mean & harmonic mean is required to 

be computed in similar type of situation. Of course, the formula for computing arithmetic mean in this situation is an 

established one while the formula for computing quadratic mean has been derived here. However, the formula for 

computing geometric mean in this situation is yet to be found out. This is a problem of research to be studied at this stage.    

Similar types of situations/problems may also arise in many researches/studies in the case of determining other measures 

of average. Accordingly, similar attempts are required to be made on searching for the solutions of the respective 

problems.   
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