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ABSTRACT: Relation between the cube root mean of the elements of a set of real numbers and the cube root
means of the respective elements of the respective possible subsets of the set has mathematically been derived in
this study. Derivation of the relation has been presented, in this article, along with numerical example.
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1. INTRODUCTION

Several researches had already been done on average [1 , 55] since the introduction of its concept. As per the
history of development of theory of average is known, Pythagoras was the first mathematician to introduce the
concept of measure of average and consequently to develop three measures of average termed as arithmetic mean
[2,6,61], geometric mean [2 , 6] and harmonic mean [2 , 6 , 61] which together is also popularly known as
“Pythagorean Means” [3, 7, 15]. Later on, a number of definitions / formulations of average were developed due
to necessity of handling different situations some of which are quadratic mean or root mean square, square root
mean , cubic mean, cube root mean, generalized p mean & generalized p™ root mean etc. [4, 8, 18,32,45, 54,
56,57, 60]. In addition to these, generalized definitions of average had also been developed for deriving measures
of average [10 — 14]. Moreover, one general method had been identified for defining average of a set of values of
a variable as well as a generalized method of defining average of a function of a set (or of a list) of values [9, 16,
17, 20]. In another study, four formulations of average were derived from the three Pythagorean means which
are arithmetic- geometric mean, arithmetic- harmonic mean, geometric - harmonic mean and arithmetic-
geometric - harmonic respectively [19, 32].

Each of the measures of average is to carry its own properties of whose some are known. Several studies have
already been done on the properties of arithmetic mean, geometric mean, harmonic mean & quadratic mean [2 ,
3, 6,39,40,42 —-47, 61, 62]. Arithmetic mean, geometric mean & harmonic mean have been found to be
widely in developing most of the statistical measures of characteristics of data like central tendency, dispersion
etc. [7,15,21 -31,36,37] and in developing the statistical concept of expectation [5 , 33 —35,38,41, 58,
59]. However, more properties of these means are yet to be identified due to their importance in
mathematical/statistical analysis of numerical data. One more mathematical property of arithmetic mean which
states that the arithmetic mean of the arithmetic means of the respective possible subsets of fixed size of a set of
real numbers is the arithmetic mean of the original set of numbers and also the arithmetic mean of the arithmetic
means of the respective non-empty possible subsets a set of real numbers is the arithmetic mean of the original
set of numbers, was mathematically established in a recent study since no research publication on the proof of this
property had been found available [48]. Similar properties of geometric mean, harmonic mean, quadratic mean,
square root mean and cubic mean have also been mathematically established in separate studies [49 , 50, 51,52,
53]. The Similar property of cube root mean has mathematically been derived in this study. Derivation of the
property has been presented, in this article, along with numerical example.

II. SET OF REAL NUMBERS: CUBE ROOT MEAN
Let us first mention the definition of cube root mean of a set of real numbers.
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Definition: Let us consider a set of 7 positive real numbers namely

X1 Xp s e , X,
Then the cube root mean Cr = C(X1 , X3 5 wuvvnnn.. , X ) of them is given by
— — (1o 173 1313
Cr=Cr(xy , Xy, weevn.... , Xp) = {;(xl/+x2’+ ....... +x,'7)}

Let us abbreviate cube root mean by CRM.
Note: The definition of CRM implies that
1/3 1/3 1/3 1/3
X PP+ +x,° = n{Crlxy, %3, oonn... , X))

i.e. the sum of cube roots of 1 positive real numbers is 1 times of the cube root of the CRM of the numbers.

III. POSSIBLE SUBSETS OF FIXED SIZE: CUBE ROOT MEAN OF CUBE ROOT MEANS

Suppose, a set S consists of the IV real numbers

Ay, Ay, coeen.... , Ay
as elements so that
. _ 173 1/3 1/3
Sum of cube roots of the N elements of S=a, > +a, > + ....... +ay
1
& CRM of the N elements of S = {ﬁ (P +ay?+ ... +ay')}3 =Ro, say

Let us consider the possible subsets of S having 7 elements in each set.
The number of such possible subsets is C(V , 1)

N N!
where C(N,n)="C, = ( J =0

n n!(N—-n)!
Among the C(N , n) possible subsets, there are

C(N -1, n - 1) subsets with a, as 1% element,

C(N -2, n -2) subsets with @, as 1% element and not having a; ,
C(N -3, n - 3) subsets with a3 as 1*' element and not having a; g @, ,

C(N -1, N - 2) subsets with @y_ 5,47 as 1> element and not having @y , dy , ........ an_n+3 >
C(N -1, N - 1) subsets with @y_ 5,41 as 1*" element and not having @y , @y , ........ aAN—_n+2 >
such that
Total number of possible subsets
=CIN-1,n-1)+C(N-2,n-2)+C(N-3,n-3)+ ........... +C(N-1,N-2)+C(N-1,
N-1) =C(N,n)
and that each a; appears a total of C(V -1, n - 1) times in the set containing all possible C(N , 1) subsets.
Suppose,
Cl 0y CZ ) C3 9 eesscccene ) CC(N' n) _1 0y CC(N' n)
are the CRMs of the respective subsets and
S1,8,,8;, ... Sen, my-1- Sev, m

are the sums of cube roots of the respective 7 elements in the respective subsets so that
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173
Sl =n Cl 5

173
SZ =n CZ N

1/3
53 =n C3 5

SC(N, n-1-1 CC(N, n) -1 B

SC(N, n) =N CC(N, n) 1
Now,
Si+85,+85+ + Sew, my -1 Sew,
is the sum of cube roots of all elements in the set containing the elements of all possible C(/N , 1) subsets of the

original set S where each a; appears a total of C(N - 1 , 1 - 1)) times.

Therefore,
S +S,+S5+.. +Sew, m-1 T Sew, my =CAN-1,n-1) (a,' + ;'
+o +ay'?)
Accordingly,

CRM of the CRMs of the respective elements of the respective possible C(IV , 1) subsets

{C(N n) (C11/3 +Czl/3+ C31/3 + ......... + CC(N, Tl) 1 +CC(N TL) 1/3)}3
{nC(N pos 7(51+52+S3+ ......... + Sear w1t Sew, w )
—_— ! 3 3 3\11/3
:{{TlC(Nn) XC(Nflanfl)(al +a1 T +aN )}
1 1/3 1/3 1313
sy@tra T +ay'?)}

= Ro = CRM of the elements of S
Therefore,

CRM of the CRM s of the respective possible C(N , 1) subsets = CRM of the elements of S

IV. POSSIBLE NON-EMPTY SUBSETS: CUBE ROOT MEAN OF CUBE ROOT MEANS

Now, the set S has a total of (2” — 1) number of non-empty subsets of which

number of possible subsets having single element in eachis C(N, 1) ,
number of possible subsets having 2 elements in each is C(NV , 2) ,
number of possible subsets having 7 —1 elements in eachis C(N , n -1) ,
number of possible subsets having 7 elements is in each C(N , n)
such that
Total number of all possible non-empty subsets
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“C(N, 1)+ C(N,2)+ eeeern. +C(N,n-1)+C(N,n)=2"-1

By the results obtained in section III,

CRM of the CRMs of the respective elements of the respective possible subsets having 1 element in each =

CRM of the elements of S = Ro
Similarly,

CRM of the CRM:s of the respective elements of the respective possible subsets having 2 elements in each =

CRM of the CRM:s of the respective elements of the respective possible subsets having 72 -1 elements in each
= Ro,
CRM of the CRM:s of the respective elements of the respective possible subsets having 7 elements in each =

Ro .
Therefore,

CRM of the CRMs of the respective elements of the respective non-empty possible subsets of S = Ro

i.e. CRM of the CRMs of the respective elements of the respective non-empty possible subsets of .S is SRM
of the elements of S

V.NUMERICAL EXAMPLE

Let us consider the following set .S of five real numbers
§=142,4,6,8,10}
so that
CRM of the elements of S' = 5.486936068289047110829790020102

Now, 5C1 = 5 possible subsets of S having single element are

{2}, {4}, {6}, {8}, {10}
Corresponding 5 CRMs of the elements in the respective subsets are
2,4,6,8,10
and the CRM of these 5 CRMs is 5.486936068289047110829790020102 .
which is the CRM of the elements in S.

Similarly, 5C2 =10 possible subsets of S having 2 elements are

{2,4},{2,6},{2,8},{2,10},{4,6},{4,8},{4,10},{6,8},{6,10},{8,10}
Corresponding 10 CRMs of the elements in the respective subsets are

2.8854915763973044796391871849129 , 3.6417500450194843726387713513535 ,
4.3304323638184593532145951403716 ,4.9754952636671722911449221745113 ,
4.932627409486670257068309278241 , 5.7709831527946089592783743698258 ,
6.5488368364264698829734342274445 , 6.9521263259191795012427750987977 ,
7.830542473249106765176027534452 , 8.9628436602574097519464976129686

and the CRM of these 10 CRMs is 5.486936068289047110829790020102 .
which is the SRM of the elements in .S.

Again, 5C3 =10 possible subsets of S having 3 elements are

{2,4,6},{2,4.8},{2,4,10},{2,6,8},{2,6,10},
{2,8,10},{4,6,8},{4,6,10},{4,8,10}, {6,8,10}
Corresponding 10 CRMs of the elements in the respective subsets are
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3.7586814578227166215357290219254 , 4.2183428423734437902613797615142
4.6345113219374139959693285738216 , 4.8469485814569240979319313263235 ,
5.3028461906463610610954483096441 , 5.8786363592993781492098219651469 ,
5.8466623997400544783864810901348 , 6.3623275490646030238620043500507 ,
7.0111382191136532036318912082579 , 7.886759680349330788593393877581
and the CRM of these 10 CRMs is also 5.486936068289047110829790020102 . 2

which is the CRM of the elements in S.

Moreover, 5C 4=5 possible subsets of S having 4 elements are

{2,4,6,8,{2,4,6,10},{2,4,8,10},{2,6,8,10},{4,6,8,10}
Corresponding 10 CRMs of the elements in the respective subsets are
4.6249979001582671452259839532691 , 4.9540304248710920715212900451501 ,
5.3634111441664626407715514852456 , 5.9088223572165210051799588535178 ,
6.7484733287212306157704446754503
and the CRM of these 10 CRMs is also 5.486936068289047110829790020102 .

which is the CRM of the elements in S.
Moreover, 5C5 =1 possible subset of S having 5 elements is

{2,4,6,8,10}
CRM of the elements in this subset is 5.486936068289047110829790020102 .

which is the CRM of the elements in S.
Finally,

the CRM of all these 2° —1 (=31) CRM:s of the corresponding elements of the respective 31 subsets is found
after computation as 5.486936068289047110829790020102 which is the CRAM of the elements in S.

VI. CONCLUSION

Findings on the property of cube root mean, obtained in this study, can be summarized as follows:

“The cube root mean of the cube root means of the respective possible subsets of fixed size of a set of real numbers
is the cube root mean of the original set of numbers and the cube root mean of the cube root means of non-empty
possible subsets a set of positive real numbers is the cube root mean of the original set of numbers.”

This property of cube root mean is a relation between the cube root mean of the elements of a set of real numbers
and the cube root means of the respective elements of the respective possible subsets of the set.

The property/result on cube root mean obtained here is hoped to be useful for analysis of data specially on
estimation based on sample from population.
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