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ABSTRACT: Mathematical proof of one property of harmonic mean has been presented in this article. The property
states that the harmonic mean of the harmonic means of the respective possible subsets of fixed size of a set of non-zero
real numbers is the Harmonic mean of the original set of numbers and also the harmonic mean of the harmonic means of
the respective non-empty possible subsets a set of positive real numbers is the harmonic mean of the original set of
numbers.
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L. INTRODUCTION

There had been several studies on average [1 , 51] which is an entity that describes a set of many entities. The great
mathematician Pythagoras first developed three measures of average termed as arithmetic mean [2 , 6 , 58], geometric
mean [2 , 6] and harmonic mean [2 , 6 , 57] which together is also popularly known as “Pythagorean Means” [3, 7, 15].
Later on, a number of definitions / formulations of average were developed due to necessity of handling different
situations some of which are quadratic mean or root mean square, square root mean , cubic mean, cube root mean,
generalized p mean & generalized p" root mean etc. [8,32, 50,52, 53, 56]. In addition to these, generalized definitions
of average had also been developed for deriving measures of average [10 — 14]. Moreover, one general method had been
identified for defining average of a set of values of a variable as well as a generalized method of defining average of a
function of a set (or of a list) of values [9, 16, 17, 20]. Recently, four formulations of average have been derived from
the three Pythagorean means which are arithmetic- geometric mean, arithmetic-harmonic mean, geometric -harmonic
mean and arithmetic- geometric -harmonic respectively [19, 32].

Each of the measures of average is to carry its own properties of whose some are known. Several studies have already
been done on properties of arithmetic mean, geometric mean & harmonic mean [2,3, 6,39 ,40,42 —-44 ,46,47,50,
52,53 ,57, 58]. Arithmetic mean, geometric mean & harmonic mean have been found to be widely in developing most
of the statistical measures of characteristics of data like central tendency, dispersion etc. [7, 15,21 — 31,36, 37] and
in developing the statistical concept of expectation [5 , 33 — 35,38, 41, 54, 55]. However, more properties of these
means are yet to be identified due to their importance in mathematical/statistical analysis of numerical data. One more
mathematical property of arithmetic mean which states that the arithmetic mean of the arithmetic means of the respective
possible subsets of fixed size of a set of real numbers is the arithmetic mean of the original set of numbers and also the
arithmetic mean of the arithmetic means of the respective non-empty possible subsets a set of real numbers is the
arithmetic mean of the original set of numbers, was mathematically established in a recent study since no research
publication on the proof of this property had been found available [48]. Similar property of geometric mean has also been
mathematically established in another study [49]. Similar property of harmonic mean has mathematically been proved in
this study. The property states that the harmonic mean of the harmonic means of the respective possible subsets of fixed
size of a set of non-zero real numbers is the Harmonic mean of the original set of numbers and also the harmonic mean
of the harmonic means of the respective non-empty possible subsets a set of positive real numbers is the harmonic mean
of the original set of numbers.

II. HARMONIC MEAN OF A SET OF ELEMENTS

Let us first mention the definition of harmonic mean of a set of real numbers.
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Definition

Let us consider a set of 7 non-zero real numbers namely

X1 0 Xg s eenennnn , Xp
Then the harmonic mean H = H (X1 , X3 , «vevnn... , X ) of them is given by
n
H—H(xl,xz, ......... ,xn): n 1
L= xi
Let us abbreviate harmonic mean by HM.
Note:
The definition of M implies that
o Lo !
L= Xi H (x1 . 4 JETTTTTRn ,xn)

i.c. the sum of the reciprocals of # non-zero real numbers is 7 times of the reciprocal of the /M of the numbers.

III. HARMONIC MEAN OF HARMONIC MEANS OF POSSIBLE SUBSETS OF FIXED SIZE

Suppose, a set S consists of the N non-zero real numbers

Ay, Ay, oeeen.... , Ay
as elements so that
N 1
Sum of the reciprocals of the N elements of § = Z i=1 ;
i
& HM of the N elements of S = — 1 = /1, say
i=1 71.
By the above Note,
1 1 1 1 N
Sum of the reciprocals of the N elements of S=—+—+—+ ......... t—=—
a, a; as ay H

Let us consider the possible subsets of S having 7 elements in each set.

The number of such possible subsets is "~ C "

v N N!
where "C,=C(N,n)= = —0
n n!(N—-n)!
Among the Ne , bossible subsets, there are
Mc .1 subsets with @, as 1% element,

N2C ., subsets with a as 1% element and not having a, ,

M€, _, subsets with a5 as 1% element and not having @ g a5 ,

such that

Total number of possible subsets
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=Yc,  +"C, ,+"C, o+ + e, ,+V'c,,="C

n

and that each @; appears a total of " ~'C .1 times in the set containing all possible Ne , Subsets.

Suppose,
H(1),H?2),HQ3), .o...... , H('C, - 1),H("C,)
are the /M of the elements in the respective subsets and
S(1),82),53), e , S("c,-1),8("C,)
are the Sums of the reciprocals of the elements in the respective subsets so that
S/(l) — L
H(1) ’
S/(z) — L
H(2)
S(3)=HE) ,
................... n
o ,
H("C,-1)

s("c,)=H("C,).
Now,
S(1)+SQ2)+S3)+ ... +5("C, -1+ 8("C,)
is the sum of the reciprocals of all elements in the set containing all possible Ne , subsets of the original set S where

each a; appears a total of M . times.

Therefore,
S +SQ2)+SB)+ ... +S(Vc, - 1+8("c,)
1 1 1
— v (A= —+. +—
a1 a; as an
= N_lcn_l ﬂ
Accordingly,

HM of the HHMs of the respective possible “'Csubsets

n

NCn
= 1 1 1 1 1
+ + [ o + +
H1) H2) HQ) H"Cc,-1) H(C)
But
1 4 1 + 1 + + 1 4 1
70 A T Ee T Y e 2O

=ln{S/(1)+S/(2)+S/(3)+ ......... +S('C, - 1) +8(*C,)}
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1N N
= — C —

Tl{ n-1 H }
This implies,

NC"l
HM of the HMs of the respective possible Y C  subsets = =~ n_. - H
” =7C, )
n n-l H

Therefore,

HM of the HMs of the respective possible 'C ~ subsets = M of the elements of S

n

IV. HARMONIC MEAN OF HARMONIC MEANS OF All NON-EMPTY POSSIBLE SUBSETS

Now, the set S has a total of (2¥ — 1) number of non-empty subsets of which

. L . N
number of possible subsets having single element in eachis " C, ,

number of possible subsets having 2 elements in each is e 5,

number of possible subsets having N — 1 elements in each is " C Nl >

number of possible subsets having N elements is in ecach "' C N -
such that

Total number of all possible non-empty subsets = NC1 + NC2 + NC3 to + NCN_l + NCN =2V

By the results obtained in section 3,
HM of the HM s of the respective possible subsets having 1 element in each = F/M of the elements of S = H
Similarly,

HM of the HMs of the respective possible subsets having 2 elements in each = H ,
HM of the HMs of the respective possible subsets having 3 elements in each = H ,

HM of the HMSs of the respective possible subsets having N —1 elements in each = H ,
HM of the HMSs of the respective possible subsets having NV elements in each = H .

Thus,
HM s of all the 2" — 1 non-empty subsets are / i.e. a constant number.
Therefore,

HM of the HMs of all respective possible non-empty subsets of S = HM of N number of H= H

i.e. HM of the HMs of all respective possible non-empty subsets of S = HM of the elements of S

V. NUMERICAL EXAMPLE

Let us consider the following set S of five real numbers

S=1{2,4,6,8,10}
so that
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HM of the elements of S = 4.379562043795620437956204379562

Now, 5C1 = 5 possible subsets of S having single element are

{2}, 14}, {6}, {8}, {10}
Corresponding 5 HM:s of the element if the respective subsets are
2,4,6,8,10
and the [IM of these 5 HMs is
4.379562043795620437956204379562
which is the HM of the elements of S.

Similarly, SCZ = 10 possible subsets of P having 2 elements are

{2,4},{2,6},{2.,8},{2,10},{4,6},{4,8},{4,10},{6,8},{6,10}, {8,10}
Corresponding 10 -/Ms of the element if the respective subsets are

2.6666666666666666666666666666667 , 3 , 3.2 ,3.3333333333333333333333333333333,
4.8000000000000000000000000000001 , 5.3333333333333333333333333333333,
5.7142857142857142857142857142857 , 6.857142857142857142857142857143 ,
7.5000000000000000000000000000002 , 8.8888888888888888888888888888889

and the HM of these 10 HMs is
4.379562043795620437956204379562

which is the HM of the elements of S.

Again, 5C3 = 10 possible subsets of S having 3 elements are
{2,4,6},{2,4,8},{2,4,10},{2,6,8},{2,6,10},
{2,8,105,{4,6,8;,{4,6,10},{4,8,10},{6,8,10}

Corresponding 10 HMs of the element if the respective subsets are

3.2727272727272727272727272727272 , 3.4285714285714285714285714285714 ,
3.5294117647058823529411764705883 , 3.7894736842105263157894736842105 ,
3.9130434782608695652173913043478 , 4.1379310344827586206896551724137 ,
5.5384615384615384615384615384614 , 5.8064516129032258064516129032259 ,
6.3157894736842105263157894736843 , 7.6595744680851063829787234042551

and the HM of these 10 HMs is also
4.379562043795620437956204379562

which is the HM of the elements of S.

Moreover, SC 4 =5 possible subsets of S having 4 elements are

{2,4,6,8},{2,4,6,10},{2,4,8,10},{2,6,8,10},{4,6,8,10}
Corresponding 10 /7Ms of the element if the respective subsets are

3.84 ,3.934426229508196721311475409836 , 4.1025641025641025641025641025641 ,
4.4859813084112149532710280373831 , 6.2337662337662337662337662337661

and the HM of these 10 HMs is also
4.379562043795620437956204379562
which is the HM of the elements of S.

Moreover, 5C5 =1 possible subset of S having 5 elements is
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{2,4,6,8,10}

HM of the elements in this subset is
4.379562043795620437956204379562

which is the HM of the elements of .S.

Finally, the /M of all the 2° —1=31 HMs of the corresponding elements of the respective 31 subsets is found after

computation as
4.379562043795620437956204379562

which is the HM of the elements of S.

VI. CONCLUSION

Findings on the property of harmonic mean, obtained in this study, can be summarized as follows:

“The harmonic mean of the harmonic means of the respective possible subsets of fixed size of a set of positive real
numbers is the harmonic mean of the original set of numbers and the harmonic mean of the harmonic means of non-
empty possible subsets a set of positive real numbers is the harmonic mean of the original set of numbers.”

The property/result of harmonic mean obtained here is hoped to be useful for analysis of data specially on estimation
based on sample from population.

In this connection, it is to be mentioned that each of arithmetic mean, Harmonic mean harmonic mean and quadratic
mean is required to be computed/estimated in similar type of situation. Therefore, there is necessity of study on whether
quadratic mean possess similar property like that of arithmetic mean derived in earlier study [48], of geometric mean
derived in another study [49] and of harmonic mean derived in this study.
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