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ABSTRACT: Due to the importance of quadratic mean, which focuses on the effective magnitude or "strength" of a set 
of values, in various fields like Physics, Engineering, Signal Processing, Error Analysis, Forestry and many others, 
attempt has been made on some basic properties of quadratic mean on which this article is based. .  
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I. INTRODUCTION 

 

Average [1 , 42] is an entity, that describes a set of many entities, whose measure was first developed by Pythagoras who 

derived three measures of average namely arithmetic mean [2 , 6 , 48], geometric mean [2 , 6] and harmonic mean [2 , 

6 , 47] popularly known as  “Pythagorean Means” [3 , 7]. Later on, a number of definitions / formulations of average had 

been derived due to necessity of handling different situations. Some of them are quadratic mean or root mean square, 

square root mean , cubic mean, cube root mean,  generalized p mean & generalized pth root mean  etc. in addition to 

arithmetic mean , geometric mean & harmonic mean [8 , 3 , 27]. Moreover, one general method had been identified for 

defining average of a set of values of a variable as well as a generalized method of defining average of a function of a set 

(or of a list) of values [9 , 11 , 12 , 15].  Recently, four formulations of average have been derived from the three 

Pythagorean means which are arithmetic-geometric mean, arithmetic-harmonic mean, geometric-harmonic mean and 

arithmetic-geometric-harmonic respectively [14 , 18 − 21].  

 

Each of the measures of average is to carry its own properties of whose some are known. Several studies have already 

been done on properties of arithmetic mean, geometric mean & harmonic mean [2 , 6 , 34 , 35 , 37 − 39 , 47 , 48]. 

Arithmetic mean, geometric mean & harmonic mean have been found to be widely in developing most of the statistical 

measures of characteristics of data like central tendency, dispersion etc. [10 , 16 , 17 , 22 − 26 , 31 , 32] and in developing 

the statistical concept of expectation [5 , 28 − 30 , 33 , 36 , 44 , 45]. It is to be mentioned that quadratic mean [4 , 40 , 

42 , 46], which focuses on the effective magnitude or "strength" of a set of values, is also very important and useful 

in various fields like  

 

(1) Physics, Engineering & Signal Processing to measure effective magnitude or average value, particularly when dealing 

with fluctuating quantities,  

(2) Statistics for measuring the deviation or variance of a dataset from its mean,  

(3) Error Analysis to determine the root mean square error, which is a common metric for evaluating the performance 

of a model or algorithm,  

(4) Forestry to characterize the group of trees in a forest, assigning greater weight to larger trees,  

 

etc.  [42 , 43 , 46]. For this reason, it has been thought of for identifying properties satisfied by quadratic mean. Here, 

attempt has been made on identifying, some basic properties of quadratic mean on which this article is based.   

 

 

 

 

Some Properties of Quadratic Mean  
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II. QUADRATIC MEAN 

Quadratic mean of a Set of Numbers: 

Let us consider a list of N real numbers or values namely 

x1 , 𝑥2 , ………. , 𝑥𝑁 

Quadratic mean of them, denoted by Q(x1 , 𝑥2 , …… , 𝑥𝑁), is defined by      

Q(x1 , 𝑥2 , …… , 𝑥𝑁) = √{ 
1

𝑁
 (x1

2 + 𝑥2
2 + ………. + 𝑥𝑁

2 )}  =  √ (∑   𝑁
𝑖 = 1 𝑥𝑁

2 ) 

where the symbol  √ is used to mean the absolute (positive) square root. 

 

Note (2.1): 

Arithmetic mean of  x1 , 𝑥2 , ………. , 𝑥𝑁  , denoted by A(x1 , 𝑥2 , …… , 𝑥𝑁), is defined by  

A(x1 , 𝑥2 , …… , 𝑥𝑁)  =  
1

𝑁
 (𝑥1 + 𝑥2 + ……. + 𝑥𝑁)    

which implies, 

         A(x1
2 , 𝑥2

2 , ………. , 𝑥𝑁
2 ) =  

1

𝑁
 (x1

2 + 𝑥2
2 + ………. + 𝑥𝑁

2 ) 

i.e.     √{A(x1
2 , 𝑥2

2 , ………. , 𝑥𝑁
2 )} =  √{ 

1

𝑁
 (x1

2 + 𝑥2
2 + ………. + 𝑥𝑁

2 )} 
 

Therefore, 

                   Q(x1 , 𝑥2 , …… , 𝑥𝑁) = √{A(x1
2 , 𝑥2

2 , ………. , 𝑥𝑁
2 )} 

Thus, quadratic mean of a set of numbers can also be defined as the absolute square root of arithmetic mean of squares 

of the numbers. 

 

Quadratic mean of a Variable: 

If X is a variable which assumes the values   

x1 , 𝑥2 , ………. , 𝑥𝑛  

then the quadratic mean of X, denoted here by Q(X), can accordingly be defined by 

Q(X) = √{ 
1

𝑛
 (x1

2 + 𝑥2
2 + ………. + 𝑥𝑛

2 )}   =  √ (∑   𝑛
𝑖 = 1 𝑥𝑖

2 ) 

 

Note (2.2): 

Arithmetic mean of X, denoted here by A(X), can similarly be defined by 

A(X) =  
1

𝑛
 (𝑥1 + 𝑥2 + ……. + 𝑥𝑛)  

which implies, 

               A(X 2 ) =  
1

n
 (x1

2 + 𝑥2
2 + ………. + 𝑥𝑛

2 )   

i.e.          √{A(X 2 )} = √{ 
1

n
 (x1

2 + 𝑥2
2 + ………. + 𝑥𝑛

2 )} 
 

Therefore, 
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Q(X) = √{A(X 2 )} 

Thus, quadratic mean of a variable can also be defined as the absolute square root of arithmetic mean of its square (i.e. 

of X 2 ).  

 

III. SOME BASIC PROPERTIES 

  

Property (3.1):   

For real valued variable X, 

Q(X) > 0   

Proof:   

It follows from the fact that the square of a real number is always positive which implies,  

              x1
2 + 𝒙𝟐

2 + ………. + 𝒙𝒏
2  > 0 

i.e.      √{ 
1

n
 (x1

2 + 𝒙𝟐
2 + ………. + 𝒙𝒏

2 )} > 0 

Hence,                     Q(X)  > 0  

Note (3.1):   

By the same logic if 

x1 , 𝑥2 , ………. , 𝑥𝑁  

are N real numbers then  

Q(x1 , 𝑥2 , ………. , 𝑥𝑁) > 0 

 

Property (3.2):   For real valued variable X, 

Q(√𝑋 ) = √{ A(𝑋)} 
 

Proof:  Definition of quadratic mean implies that  

Q(X) = √{A(X 2 )} 

Replacing X by √𝑋, in this equation, this property is obtained. 

 

Note (3.2):  

By the same logic if 

x1 , 𝑥2 , ………. , 𝑥𝑁  

are N real numbers then  

Q(√x1  ,   √x2 , ………. ,  √xN ) = √{ A(x1 , 𝑥2 , ………. , 𝑥𝑁)} 

http://www.ijarset.com/


   

 
ISSN: 2350-0328 

International Journal of AdvancedResearch in Science, 

Engineering and Technology 

Vol. 12, Issue 4, April 2025 

 

 

Copyright to IJARSET                                              www.ijarset.com                                                              23306 
    

 

 

 

 

Property (3.3):  For two variables X & Y,              

{Q(√𝑋 + 𝑌 )}2 = { Q(√𝑋 )}2 + { Q(√𝑌 )}2
 

In general, for k real valued variables are 

𝑋1 , 𝑋2 ,  ……….. ,  Xk   

are k real valued variables then  

{Q(√𝑋1 + 𝑋2 + … … … . + 𝑋𝑘  )}2 = {Q(√𝑋1 )}2 + {Q(√𝑋2 )}2 + ……….. + {Q(√𝑋𝑘 )}2
 

Proof:  

Additive property of arithmetic mean implies that  

A(𝑋1 + 𝑋2 +  ……….. + 𝑋𝑘) = A(𝑋1) + A(𝑋2) +  ……….. + A(𝑋𝑘)   

Property (3.2) implies that 

Q(√𝑋1 ) = √{ A(X1)} , Q(√𝑋2 ) = √{ A(X2)}, ........... , Q(√𝑋𝑘 ) = √{ A(𝑋𝑘)}  

                    &  Q(√𝑋1 + 𝑋2 + … … … . + 𝑋𝑘  ) = √{A(𝑋1 + 𝑋2 +  ……….. + 𝑋𝑘) 

i.e.        A(X1) = {Q(√𝑋1 )}2 ,  A(X2) = {Q(√𝑋2 )}2, ............  ,  A(𝑋𝑘) = {Q(√𝑋𝑘 )}2 

&               A(𝑋1 + 𝑋2 +  ……….. + 𝑋𝑘) = {Q(√𝑋1 + 𝑋2 + … … … . + 𝑋𝑘  )}2  

Hence,   

{Q(√𝑋1 + 𝑋2 + … … … . + 𝑋𝑘  )}2 = {Q(√𝑋1 )}2 + {Q(√𝑋2 )}2 + ……….. + {Q(√𝑋𝑘 )}2
  

 

Note (3.3):   

This can be regarded as additive property of quadratic mean.  

 

Property (3.4):  

For real valued variable X, 

A(X)  >  G(X)  >  H(X)    

where G(X) & H(X) are respectively the geometric mean & the harmonic mean of X. 

Proof:   

Since square of an expression of real variable is > 0 ,  

{X −  A(X)}2
 > 0     

 

Accordingly,  

A{X −  A(X)}2
 > 0 

 

From this, it is obtained that  

 A(X2)  > {A(X) }2
     or      √{A(X2)}  > A(X)   

http://www.ijarset.com/
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Hence,                                         Q(X)   >  A(X)                                                                                      

It has already been established that arithmetic mean, geometric mean & harmonic mean satisfy the inequality  

A(X)  >  G(X)  >  H(X)    

Hence,                                         Q(X)   >  A(X)  >  G(X)  >  H(X)                                                       

Equality holds good if and when X comes down to be a constant.   

 

Note (3.4):  

 By the same logic if 

x1 , 𝑥2 , ………. , 𝑥𝑁  

are N real numbers, then  

 Q(x1 , 𝑥2 , …. , 𝑥𝑁)   >  A(x1 , 𝑥2 , …. , 𝑥𝑁)  >  G(x1 , 𝑥2 , …. , 𝑥𝑁 𝑥𝑁)  >  H(x1 , 𝑥2 , …. , 𝑥𝑁) 

 

  

IV. CONCLUSION 

 

Quadratic mean is a measure of average which measures the absolute magnitude of a set of numbers. Accordingly, 

quadratic mean of a variable describes the absolute magnitude assumed by the variable. 

 

Some basic properties of quadratic mean have been identified here due to its importance in various fields like Physics, 

Engineering, Signal Processing, Error Analysis,  Forestry and many others. However, more properties of quadratic 

mean are yet to be identified. 

 

As mentioned above, quadratic mean of a set of numbers (or of a variable) can in other way be defined as the absolute 

square root of arithmetic mean of squares of the numbers (or of the variable). This definition of quadratic mean may be 

helpful in identifying its more properties with the help of the properties of Aarithmetic mean which have already been 

established.   
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