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ABSTRACT: Asymmetric generalizations of geometric Linnik distribution are studied in this paper. A representation
of the generalized asymmetric Linnik distribution is obtained. Type | generalized geometric asymmetric Linnik
distribution is introduced. It is shown that this distribution arises as the limit distribution of the geometric sums of
generalized asymmetric Linnik random variables. The stability property of type | generalized geometric asymmetric
Linnik distribution is examined. Autoregressive models with type | generalized geometric asymmetric Linnik marginals
are developed.
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I. INTRODUCTION

As a generalization of Laplace distribution, Linnik distributions are studied by many authors. Note that Linnik laws are
more heavy tailed as compared to Laplace. But both Laplace and Linnik distributions are symmetric. So, both of them
have the draw back of modeling skewed data sets, that are common in various fields such as Finance, environmental
studies etc. As an extension of Linnik Laws to model skewed data sets, asymmetric Linnik Laws are developed in the
literature.

In this paper, we introduce and study Type | generalized geometric asymmetric Linnik distributions. In Section2, a
representation of generalized asymmetric Linnik distribution is obtained. Type | Generalized geometric asymmetric
Linnik distribution is studied in Section 3 and it is shown that this laws arise as the limit law of geometric sums of
asymmetric generalized Linnik laws. The random stability property of Type | generalized geometric asymmetric Linnik
laws are also studied in this Section. Autoregressive models of type | generalized geometric asymmetric Linnik marginal
distribution are introduced and studied in Section 4.

Il. GENERALIZED ASYMMETRIC LINNIK DISTRIBUTION

In this Section, we obtain a representation for an asymmetric version of the generalized Linnik distribution. Consider the
distribution with characteristic function
T

o(t) = ; ,—oo< u<w, A4,7>20,0<a <2 (2.1)

L+ A1 —ipt
We shall refer this distribution as the generalized asymmetric Linnik distribution and denote it by GeAL (o, A, W, 7).

Note that when p=0, (2.1) reduces to Pakes generalized Linnik distribution, see [3]. Also, when o =2, T =1, (2.1) reduces
to asymmetric Laplace distribution of [2].

THEOREM 2.1: A GeAL (oc, AL, 1:) random variable X with characteristic function (2.1) admits the representation

Mg

XduWw + (kW)%t Z where Z is symmetric stable with characteristic function y(t) =€ and W is a Gamma

1

1 _
random variable with probability density function g(W) =——w " e w ,W >0, t> 0 independent of Z.

I'(t)
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PROOF: Conditioning on W we obtain the characteristic function ¢(t) of uW + (XW)%L Z as

it( [N +(AN ) zV
st)=E|E|®© ’

it{yw+(ﬂw)% Z]
Ele g(w)dw

o—8

T

_r
L+ AJY" —ipt

Hence the Theorem.
I11.GENERALIZED GEOMETRIC ASYMMETRIC LINNIK DISTRIBUTION
Since the distribution with characteristic function (2.1) is infinitely divisible, using the result of [1], we can define a

geometrically infinitely divisible distribution with characteristic function y(t) as ¢(t) =exp 1——t where

@(t) is the characteristic function of an infinitely divisible distribution. The characteristic function (2.1) can be written
as

T
1 1
—— | =eXp 1- 1
1+ A" —ipt [l+z'|n(l+/1|t|a —i,ut)}
Hence y(t) = is a characteristic function of a geometrically infinitely divisible distribution.
L+ tIn(@+ A" —iut)
The distribution with characteristic function
1
w(t)= ,—o<u<w, A4,7>20,0<a<2 (3.1)

L+ zIn(@+ AJt" —iut)
is called Type | generalized geometric asymmetric Linnik distribution with parameters u, ¢, o, T. When p=0, (3.1)

reduces to type | generalized geometric Linnik distribution, see [4]. For time series models with Type | generalized
geometric Linnik marginals, see [5].

If X is a random variable with characteristic function (3.1), we represent itas X d GeGALl(a, A, 1, T). It may be

noted that when 7 =1 in (3.1) the corresponding distribution is the geometric version of asymmetric Linnik distribution

d

and we call it as geometric asymmetric Linnik distribution and is denoted by X =GAL(ex, A, ). Now we consider the

asymmetric behavior of the GeGAL, distribution.
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THEOREM 3.1: The GeGALl(a,l,,u,r) distribution is the limit distribution of the geometric sums of

GeAL(a, s %) random variables.

PROOF: Let ¢(t) be the characteristic function of a GeAL(Ot, A, U, %) random variable. Then

z
n

1
O = |
1+ A" —ipt
Define
o) =~ 1= (1 20 i) -1
(1)
Hence using Lemma 3.2 of [6],
1
{)=——
() 1+ pO(t)

where p > 1, is the characteristic function of geometric sum of random variables. By choosing p = n, we have

7 -1
on () =|1+n [1+x|t|°° —ipt) "1

So ¢p, (t) is the characteristic function of geometric sum of GeAL(a, A, ,u%)

Consider

lim g (t) = :

%
e 1+ lim n{(1+l|t|a—iyt) -1

n—oo

1
L+tin@+ A" —ipt)

which is the characteristic function of GeGALl(a, A, 1, r) random variables. Hence the theorem.

Now we prove stability property of GeGALy (a, A, 1, 2') random variables with respect to geometric summation.
THEOREM 3.2: Let {Xn } be a sequence of independent and identically distributed random variables and let N p be

N
P
geometric random variable with mean L. Further, assume that N p isindependentof Xj’s. ifUy = Z Xj , then
p p
=

the random variables U )y and X are identically distributed if X; follows GeGALl(a,i,,u,T).
p
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PROOF: Let ¢(t) and O(t) be the characteristic functions of X; and U Np respectively. Then

pg(t)
et = —————. (3.2
1-@1-p)a(t)
Suppose X gGeGALl(a,l,,u,r).
Then, by (3.2) we have
o) = P
p+r|n(1+ﬂ|t|a —i,ut)

1
1+gln(1+;t|t|“—iyt)'

Hence the theorem.

IV.AUTOREGRESSIVE MODELS WITH GENERALIZED GEOMETRIC ASYMMETRIC LINNIK
MARGINAL DISTRIBUTION

Here we develop a time series model with GeGALl (a, A1, z') marginal distribution on the basis of geometric infinite
divisibility property of the distribution.

THEOREM 4.1: Let {X,,n >1} be defined as
& w.p. 6
Xp=4 " (4.1)
Xp1+én WwWp 1-0
where 0 <0 <1 and {8 n } is a sequence of independent and identically distributed random variables. A necessary and

sufficient condition that {X , } is a stationary process with GeGAL; (a, A, p,7) marginal is that {en | is distributed
as GeGALl(a,ﬂ,,u, Hr).

PROOF: Let ¢xn (t) be the characteristic function of {Xn } Then from (4.1), we get

bx (©)=04, O)+1-0)gx_ (D4, (1) (42)
Assuming stationarity, we have

Px (1) = 04 (1) + (1-0) #x (1) 4 (V).

dx (1)

t) = .
70 O+ (1-0)gx (1)

Suppose X d GeGALy(, 4, i, 7).

Then

Hence

(4.3)

1
1+r|n(1+l|t|a —iyt).

Px (1)

Substituting this in (4.3) and simplifying we get,
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1
1+06rIn (1+/1|t|a — i,ut).

¢€ (t) =

Hence &y, gGeGALl(a,/I,,u,HT).
Conversely, assume that {sn} is a sequence of independent and identically distributed GeGALl(a,/”t,,u,é’z')
random variables and Xo d GeGALy(a, A, 14,7). Then from (4.2), for n = 1 we have

1
dx, (1) » :
e ein( 12" ~int

If Xy_1dGeGALy(a, 4, u,7), thenwe get X d GeGALy(a, 4, i, 7)..

Thus using inductive argument, {X n } is a stationary process with GeGAL, (a, A, u, 7) marginal distribution. Hence
the Theorem.

We call the process defined by (4.1) with Xy d GeGALy(a, 4, i, 7) and {an } is a sequence of independent and
identically distributed GeGALy (e, A, 1,607) random variables as the first order autoregressive process with

GeGALy (a, A, ¢, ) marginal distribution .
From the Definition of the model (4.1), itis easily verified that
1-(1-6)"g] ()

t) =04, (t n 1-6)" t)g" (t).
ox, (1) ¢g"()1—(1—0)¢€n(t) +( )¢x0()¢gn()

1
1-0-0)4, O

Let Xq is distributed arbitrary and {sn} is a sequence of independent and identically distributed

When n—o0, gy (1) = 64, (1)

GeGAL (a, 4, 1, 0r) random variables. Then as N — oo

1
ox, (O = —
1+r|n(1+/1|t| —wt)

Hence if Xg is distributed arbitrary, then the autoregressive process is asymptotically stationary with
GeGALy (a, A, w, ) marginal distribution.

Now from the joint characteristic function of (Xn ) Xn+1) of the process, it can be easily verified that the first order
autoregressive process (4.1) with GeGALy (a, 4, 1, 7) marginal distribution is not time reversible.

An autoregressive model of k™ order with GeGALy («, A, 1, 7) as marginal distribution can be defined as
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én W.p. Po
Xn-1+én w.p. ]
Xn-2 +én W.p. P2

Xn—k +€n W. p. Pk

k

where Zpi =1, 0<pj<1, i=1.k and {&,} is a sequence of independent and identically distributed
i=0

GeGALy (a, A, p,7) random variables.
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