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ABSTRACT: The manufacturing industry is facing intense competition, prompting the exploration of efficient cutting 

operations to minimize costs. Enhanced productivity necessitates faster machining and reduced cycle times, resulting in 

a desire to increase process parameters such as cutting speed, feed velocity, and depth of cut. This study employs a 

rational combination of experimental and analytical modeling to characterize the dynamic properties of the system. This 

approach has the potential to expedite cutting tool development and cutting process planning, ultimately saving time and 

costs. The project's primary objective is to characterize the dynamic properties of the interface between the machine tool 

spindle and cutting tool in a machine tool/cutting tool assembly. Establishing a model description that is suitable for 

further analysis is a priority. Information regarding the spindle interface, coupled with finite element (FE) analysis of the 

cutting tool, will provide the necessary details for determining the optimal design and cutting data to avoid regenerative 

vibrations. It will also enable the prediction of tool tip response under time-varying loads. The goal is to maximize 

productivity, process stability, and reliability, while minimizing dynamic testing. 

 

KEY WORDS: stability, mechanical components, vector, milling model, capability, productivity. 

 

I. INTRODUCTION 

 

The stability limit refers to the point at which the cutting process becomes unstable, resulting in chatter vibrations. The 

theoretical framework presented in [4] and [5] for turning operations was later extended by Budak and Altintas [6, 7] to 

be applicable for milling as well. They introduced a dynamic milling model with directional dynamic milling force 

coefficients, which enabled an analytical solution that better considered the change in direction of the cutting force in a 

milling operation. The analytical solution to the stability problem presented in [4–7] can be established based on raw 

frequency response function (FRF) data directly, and no system model identification is required. However, this solution 

assumes a linear dependency between cutting forces and feed and depth of cut, which is not always accurate in practice. 

Non-linear dependencies, such as cutting tool jumping in and out of cut during vibrations and relations between cutting 

force and chip thickness, can alter the stability limit in ways that cannot be explained by the analytical solution. To 

address this issue, researchers have proposed time domain stability charts, which require a system model and are more 

time-consuming to establish. Budak and Altintas further advanced the theoretical framework for turning operations to 

include milling operations. They introduced a dynamic milling model that incorporates directional dynamic milling force 

coefficients. This model enables an analytical solution that accounts for changes in cutting force direction during milling 

operations. The resulting stability lobe charts provide a graphical representation of the stability limit as a function of 

spindle speed and depth of cut. 

Unlike other stability analysis methods that require system model identification, the analytical solution presented in [6, 

7] can be established directly from raw frequency response function (FRF) data. However, this approach assumes that 

the cutting forces have a linear dependency with respect to feed and depth of cut. This approximation is not always 

accurate, and non-linear dependencies such as cutting tool jumping or non-linear relations between cutting force and chip 

thickness can alter the stability limit in ways that cannot be explained by the analytical solution. An alternative approach 

to the analytical solution presented earlier is the use of a time domain stability chart, as discussed in references [8]. This 

method allows for a non-linear solution of machining stability but requires a system model and is more time-consuming 

to establish [13-17]. 
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First principal modelling approaches are commonly used for dynamic analysis of mechanical components. However, the 

machine tool is a complex mechanical structure with multi-axial motion capabilities, as shown in Figure 1. It is assembled 

with numerous mechanical joints to enable such complex motion, making it difficult to model using a finite element 

model (FEM) approach. The dynamic properties at the interface of cutting tools are also difficult to predict, rendering 

such approaches insufficiently accurate in predicting the tool tip frequency response of the machine tool/cutting tool 

assembly. The most common method for obtaining the required frequency response functions (FRFs) at the tool tip is 

through experimental dynamic testing. The advantage of this approach is that the system flexibility and damping are 

embedded in the measured FRF, thus accounting for them. However, the experimental approach also has its challenges. 

For instance, in the case of optimizing a multi-operational machine tool, this approach requires physical testing of a 

multitude of machine-tool/cutting tool combinations. Furthermore, the dynamic properties change with the variation in 

geometric properties of the different cutting tools, necessitating separate establishment of FRFs for each cutting tool of 

interest. Additionally, the machine tool needs to be taken out of operation during measurements, resulting in the loss of 

valuable production time. 

To reduce measurement time, a technique called sub structuring can be employed to synthesize the dynamic response at 

the tool tip, as discussed in references. This technique treats the machine tool as an assembly of subsystems, allowing the 

frequency response to be obtained through sub structuring based on a combination of measurements, modeling, and 

analysis depending on what best suits the substructure in question. The dynamic characteristics of the machine tool are 

preferably obtained experimentally, while the less complex cutting tool can be modeled using first principle analytical 

beam models or finite elements. 

 

II.  MODELS IN STRUCTURAL DYNAMICS 

 

Mathematical models that illustrate structural components are crucial in parts making as they allow for the evaluation 

and selection of product concepts at an early stage, before physical prototypes are produced and experimental testing 

begins. First principal modeling, based on fundamental laws of physics of Newton's and Hook's laws, is often the mostly 

used modeling types. This approach enables analysis of deflection, stress, and strain responses as the model is subjected 

to assigned load cases. The complexity of the model typically increases as the concept matures, starting with simplistic 

analytical beam models, which may be sufficient for early-stage evaluations, and progressing to more complex finite 

element (FE) models, as demonstrated by Sabye and Peterson [11]. 

Dynamic structural analysis of linear discrete physical models is commonly performed using a second-order ordinary 

differential equation (ODE) formulation, as outlined by Craig and Kurdila [12]. This formulation relates the nodal 

displacement vector {q} ∈ R m, where m represents the number of degrees-of-freedom (DOF) in the system, to the load 

vector {f} using symmetric mass matrix M, viscous damping matrix V, and stiffness matrix K, as shown in the following 

equation:  

M{�̈�(t)} + V {�̇�(t)} + K {q (t)} = {f (t)} (1) 

 

As f is associated with the applied load at each DOF the load vector can preferably be rewritten using a matrix 𝑃𝑢 to relate 

the applied stimuli vector, {u} ∈ 𝑅𝑝 where p denotes the number of inputs, to a subset of DOFs 

{f (t)} = 𝑃𝑢 {u (t)} (2) 

Similarly, it is also possible to selectively establish the displacement output, {y} ∈ 𝑅𝑟  where r denotes the number of 

outputs, at a desired set of DOFs using 

{y (t)} = 𝑃𝑑  {q (t)} (3) 

Provided that the mass matrix is non-singular, hence invertible, the second order formulation, Equation (1), lends itself 

to a reformulation into first order form known as state-space form 

 

{
{�̇�(𝑡) = 𝐴{𝑥(𝑡) + 𝐵{𝑢(𝑡)}}}

{𝑦(𝑡)} = 𝐶{𝑥(𝑡)} + 𝐷{𝑢(𝑡)}
  (4) 

here �̇�(𝑡) is the n-dimensional state vector where n = 2m. The constant coefficient matrices quadruple {A, B, C, D}, 

holds the state matrix A ∈ 𝑅𝑛×𝑛, the input matrix B ∈ 𝑅𝑛×𝑝, the output matrix C ∈ 𝑅𝑟×𝑛 and the feed-through matrix D 

∈ 𝑅𝑟×𝑝. 

This structure is often preferred in control theory but is also very suitable in system identification of experimentally 

obtained model descriptions. The second order equation is cast in a first order form by introduction of the state vector 

{𝑥(𝑡)} = {
{𝑞(𝑡)}

{�̇�(𝑡)}
}  (5) 
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and after some manipulation of Equation (1) with the extension of Equation (2) and introduction of the dummy equation 

{�̇�(t)} = {�̇�(t)}, the state coefficient matrices in Equation (4) are made to relate to the second order form as 

A = [ 0
−𝑀−1𝐾

𝐼
−𝑀−1𝑉

], B = [ 0
𝑀−1𝑃𝑢

], C = [𝑃𝑑
0

0
𝑃𝑣

]    (6) 

where subscripts d and v relate to displacement and velocity respectively. The output equation, for selected displacements, 

𝑦𝑑 , and velocities, 𝑦𝑣, is 

{𝑦(𝑡)} =  {
{𝑦𝑑(𝑡)}

{𝑦𝑣(𝑡)}
} =   [

𝑃𝑑

0

0

𝑃𝑣

] {𝑥(𝑡)} (7)  

As stated, the state vector includes both displacement and velocity outputs, so the feed-through matrix D is only used 

when the state-space model output is acceleration. Since acceleration is a component of �̇�(𝑡), the equation for the selected 

acceleration output, 𝑦𝑎, can be obtained by using dynamic Equation (4) as follows:  
{𝑦𝑎(𝑡)} =  [0   𝑃𝑣]𝐴 {𝑥(𝑡)} + [0   𝑃𝑣]𝐵 {𝑢(𝑡)} (8) 

which gives the direct throughput matrix for accelerations being D = [0   Pv]B. 

III. TIME-DOMAIN MODEL 

The time-domain model takes into account the regenerative effect caused by the interaction between the tool and the 

workpiece. The dynamic deflection of the tool is also considered in the model, which is important for accurately 

predicting the machining stability. The model simulates the dynamic chip thickness, cutting forces, and tool 

displacements at discrete time steps during the milling process. This allows for prediction of the behavior of the system, 

including the oscillatory nature of the chip thickness and resulting changes in cutting forces and tool displacements. By 

accurately modeling these dynamic effects, the time-domain model provides valuable insight into the machining stability 

and helps to optimize the milling process. 

Dynamic chip thickness 

The amplitude of the dynamic chip thickness is influenced by the feed per tooth and the vibrations during the current and 

preceding tooth periods. The milling tool is modeled to have two degrees of freedom, namely the feed direction (X) and 

the normal direction (Y). When the cutting forces excite the tool in these directions, dynamic displacements are calculated 

for each degree of freedom at a specific time.  

𝑣𝑗 =  −𝑥 ∙  sin 𝜙𝑗 − 𝑦 cos 𝜙𝑗  (9) 

The displacement magnitude in the feed direction is denoted by x while the displacement magnitude in the normal 

direction is denoted by y. Additionally, the instantaneous angular immersion 𝜙𝑗 is a function of time, with 𝜙𝑗 = 𝑠𝑝 ∙ 𝑡; 

representing the spindle speed in rpm. The equation describing the dynamic chip thickness is given by:  

ℎ(𝑡) = 𝑓𝑡 ∙  sin 𝜙𝑗 ∙ sin 𝑘 + 𝑣𝑗,0(𝑡 − 𝜏) − 𝑣𝑗(𝑡)     (10) 

Where the tooth period (𝜏) is defined as 𝜏 = 60 / (sp∙ N); and 𝑣𝑗 , 𝑣𝑗,0  ,0 are the dynamic displacements of the cutting tool 

at the present and previous tooth periods, respectively. 

Dynamic displacements 

The calculation of dynamic displacement involves modeling the tool as a system that comprises of masses with a single 

degree of freedom in the X and Y directions. The movement in the X and Y directions is expressed by: 

𝑚𝑥�̈� + 𝑐𝑥�̇� + 𝑘𝑥𝑥 = 𝐹𝑥  (11) 

𝑚𝑦�̈� + 𝑐𝑦�̇� + 𝑘𝑦𝑦 = 𝐹𝑦 

In order to compute the accelerations in both the X and Y directions at the current time step, the equation of motion is 

used. Specifically, the current acceleration is derived from the previous time step's velocities and positions. For the initial 

time step, velocities and positions are set to zero. Numerical integration via Euler's method is then used to determine the 

present positions. Finally, the dynamic cutting forces are computed using Equation 5, but with the dynamic chip thickness 

substituted in place of the static chip thickness. 

Verification of the force models 

The validity of the force model was tested by conducting a cutting force experiment using two indexable tools. The first 

tool consisted of 4 negative round ceramic inserts and the second tool consisted of 5 positive round ceramic inserts, both 

with a diameter of 63 mm and inserts of 12.7 mm diameter. The first tool had an axial rake angle of -7° and a radial rake 

angle of -13°, while the second tool had a radial rake angle of -3° and 0 axial rake angle. The experiment was performed 

on a NF-630 machine, using Cr12N18 as the workpiece material, and slot milling with an axial depth of 0.5 mm. The 

spindle speeds used were 800, 850, and 900 rpm, and the feed rate was varied at each spindle speed, with values of 0.0465, 

0.0775, 0.0969, and 0.1162 mm/tooth. A total of 12 tests were conducted for each cutting tool, and the cutting forces 

were measured using a Kistler 9255B dynamometer.  
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The CFCs (Coefficient of Frictional Forces) were estimated using a Matlab® algorithm that was implemented in a 

graphical user interface (GUI). An example of the calculated CFCs at a rotational speed of 1100 rpm. It is observed that 

for large negative rake angles, the CFCs can be considerably higher than 𝐾𝑟𝑐, as seen for the first tool. The GUI also 

integrated static and dynamic cutting force models to predict the cutting forces, which were then compared with the 

experimental data. As a run-out effect was observed in the measured cutting forces in some of the tests, the static force 

model was modified to include the uneven distribution of feed rate among the inserts to improve the agreement with the 

experimental cutting forces. 

The figures presented in the study show a representative comparison of cutting forces for each tool type. In Fig. 10(a), 

the cutting forces for Tool 1 are plotted for one tool revolution, and no run-out effect is observed. In contrast, Fig. 10(b) 

shows the cutting forces for Tool 2, and the run-out effect is clearly visible, leading to uneven force contributions among 

the teeth. The static force model was modified to account for the run-out effect for Tool 2, resulting in better agreement 

with the measured cutting forces. However, the dynamic force model did not account for the run-out effect, leading to a 

slight discrepancy between the static and dynamic cutting force predictions for some teeth. 

 

 
 

 

Fig. 1. Comparison of measured cutting forces (solid line), simulated static cutting forces (dotted line) and simulated 

dynamic cutting forces (dashed line), 100% radial immersion, sp =519 rpm, ft = 0.116 mm/tooth. a) First tool. b) 

Second tool. 
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Based on the simulations, it was concluded that the experimental cutting tests were performed under stable conditions, 

as the dynamic component of the chip thickness was not significant. As a result, the simulated dynamic cutting forces 

were very similar to those obtained using the rigid tool model. The cutting forces of the first tool were about 45% higher 

in the X-direction, 35% higher in the Y-direction, and 75% higher in the Z-direction compared to the second tool, due to 

the different insert orientation angles. Although there were more variations in cutting force for the second tool, there was 

still good agreement between the measured and predicted forces for both cases. 

 

IV. STABILITY ANALYSIS 

 

A time-domain model was used to set some operating conditions and find stability limits to sketch the stability 

lobes. Table 1 shows the estimated maximum axial depth of cut that ensures a stable milling process for the experimental 

spindle speeds. The CFCs were averaged for the spindle speeds under analysis to estimate the stability lobes, which are 

shown in Figures 12 and 13. The second tool had higher stability limits and lower cutting forces than the first tool, which 

may be due to the lower force magnitudes observed in the second tool. 

Table 1. Stability limits 

Spindle 

speed (rpm)  

Axial cutting stability limit (mm) 

Tool 1                                    Tool 2 

800 6.3 4.7 

1000 3.4 2.1 

1200 1.7 3.7 

 

 
Fig. 2. Stability limits. 

 

V. CONCLUSION 

 

The article presents cutting force models for indexable tools with round inserts. The models were experimentally 

verified, and the results showed reasonable accuracy. Stability limits were predicted for both tools, and future work will 

verify these predictions with additional cutting tests. The developed models can be used to optimize cutting parameters 

for different tool configurations, reducing time and costs of cutting trials. 
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