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I. PROBLEM STATEMENT AND LITERATURE REVIEW. 

 It is known that taking into account constrained torsion in thin-walled rods of an open profile makes it possible 

to more fully identify reserves for increasing the torsional rigidity of such rods. Therefore, the influence of constrained 

torsion affects an increase in the degree of pinching of the edges of the plate, when thin-walled rods of an open profile 

are taken as reinforcing elements. 

In the literature [2, 3, 4, 6], the following method of drawing up boundary conditions along the contact line of the 

plate with the reinforcing ribs is described. The loads transmitted by the plate to the ribs (rods) are considered equal, but 

reversed in the direction of the forces in the corresponding sections of the plate. Then kinematic conditions of equality 

of displacements at the points of contact of the reinforcing rods with the plate are introduced into these force conditions. 

In publications [1, 5], a method for drawing up refined boundary conditions on the interface line of the plate with 

the rod is proposed, which allows taking into account the constraint of the deplaning of the end sections of the ribs.  At 

the same time , the degree of constraint of the deportation is taken into account by some parameter kd .   

II. THE SOLUTION METHOD. 

As far as we know, a closed solution to the problem of stability of elongated rectangular plates can be obtained in 

single trigonometric series only when two parallel edges are pivotally supported, while the other two edges can be fixed 

arbitrarily (M.Levy's solution).  

In  many  cases,  i t  i s  o f  pract ica l  in terest  to  stud y the  prob lem of  s tabi l i ty  of  elongated  

plates  ( 𝑎 > 𝑏) .  

Consider the problem of stability of elongated plates, the long edges are supported by thin-walled rods, and the 

short ones are supported pivotally. Such a case corresponds, for example, to a separate compartment of the ship's 
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ceiling with a longitudinal set or compressed thin-walled elements of some building structures (Fig.1).                           

 
Fig.1. The plate, the long edges are supported by thin-walled rods, and the short ones are supported pivotally. 

 

A uniformly distributed intensity load is applied to the pivotally fixed edges (at the level of the median plane). 

𝑁𝑥 = 𝜎𝛿 = 𝑐𝑜𝑛𝑠𝑡, where 𝛿 − plate thickness.  

Let 's write down the known differential equation of the problem 

𝐷∇2∇2𝑤 + 𝑁𝑥
𝜕2𝑤

𝜕𝑥2 = 0,     𝐷 =
𝐸𝛿3

12(1−𝜇2)
  ,                  (1) 

the solution of which we will present in the traditional form 

𝑤(𝑥, 𝑦) = ∑ 𝑓𝑛(𝑦) sin 𝜆𝑛𝑥,∞
𝑛=1.2        𝜆𝑛 =

𝑛𝜋

𝑎
 ,    (2) 

satisfying the boundary conditions of the hinge support on the edges 𝑥 = 0, 𝑎 [2, 3, 4, 6]. 

Substituting (2) into (1) we obtain the equation for determining the desired function 𝑓𝑛(𝑦) 

𝑓𝑛
𝐼𝑉 − 2𝜆𝑛

2 𝑓𝑛
𝐼𝐼 + 𝜆𝑛

2 (𝜆𝑛
2 −

𝑁𝑥

𝐷
) 𝑓𝑛 = 0                   (3) 

The solution of equation (3) depends on the type of roots of the characteristic equation 

𝑆1,2 = ±√𝜆𝑛 (𝜆𝑛 + √
𝑁𝑥

𝐷
) , 𝑆3,4 = ±√𝜆𝑛 (𝜆𝑛 − √

𝑁𝑥

𝐷
) .    (4) 

It is known that in a plate pivotally supported at all edges, the critical value of the load intensity under one-sided 

compression is equal to (see for example [3]) 

𝑁𝑥
∗ = 𝐾𝜋2 𝐷

𝑏2,       𝐾 = (
𝜋𝑏

𝑎
+

𝑎

𝜋𝑏
)2      (5) 

It follows from (5) that at any degree of elastic fixation (except when the longitudinal edges are free from support)𝑁𝑥
∗ >

𝜆𝑛
2 𝐷 for arbitrary values 

𝑎

𝑏
  и  𝑛.  Therefore, in (4) the roots 𝑆1,2  are always real, and the roots 𝑆3,4  imaginary. 

With this in mind, we present the solution of equation (3) in the form 

𝑓𝑛 = 𝐶1𝑐ℎ𝛼𝑛𝑦 + 𝐶2𝑠ℎ𝛼𝑛𝑦 + 𝐶3 𝑐𝑜𝑠 𝛽𝑛𝑦 + 𝐶4 𝑠𝑖𝑛 𝛽𝑛𝑦   (6) 

where 

𝛼𝑛 = √𝜆𝑛 (√
𝑁𝑥

𝐷
+ 𝜆𝑛) ,            𝛽𝑛 = √𝜆𝑛 (√

𝑁𝑥

𝐷
− 𝜆𝑛) ,     (7) 

To concretize further calculations, we introduce some particular simplifying assumptions.  First, to simplify the 

calculation, we will assume that the reinforcing rods and the conditions for fixing their ends on both edges of the plate 

are the same. This circumstance will make it possible to use the symmetry of the curvature of the plate relative to the x 

axis and put the constants in (6) 

 С2 = С4 = 0. 

Let us now subordinate the function )(yf n  to the boundary conditions [1, 5] 

Conditions for elastic support at the edges 𝑦 = ±
𝑏

2
: 

𝑓𝑛 =
𝑓𝑛

𝐼𝐼𝐼−(2−𝜇) 𝜆𝑛
2 𝑓𝑛

𝐼

𝑡𝑢𝑏𝜆𝑛
4 ,       (8) 
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where                      𝑡𝑢 =
С𝑢

𝑑𝑢(1+𝜆𝑛
2 𝑘𝜑

𝑘2
2 )

,      С𝑢 =
𝐸𝐽𝑦

𝐷𝑏
,      𝑘2

2 =
𝐺𝐹

𝐸𝐽𝑦
,                   (9) 

𝑑𝑢 = 1 при 
𝑑2𝑤п.с.

𝑑𝑥2 ⃒𝑥=0,𝑎, = 0,      (10) 

𝑑𝑢 = 1 −
16+8(−1)𝑛

𝑛2𝜋2  by 
𝑑𝑤п.с.

𝑑𝑥
⃒𝑥=0,𝑎 = 0 .    (10a) 

Recall that the coefficient 𝑘ф included in (12), depends on the shape of the cross-section: for example, for a rectangle 

𝑘ф = 1,2, for I-beams of rolling assortment ГОСТ 8239-56   𝑘ф ≈ (2,0 ÷ 2,4) 

We now subord ina te function  (6)  to  the boundary condi t ions (8) .  As a  resu lt ,  we  come 

to  the  fol lowing sys tem of  two homogeneous equations wi th  respect  to  constants 𝐶1 and 𝐶3:  

𝐶1{𝑡𝑢𝜓4ch𝜉 − 2[4𝜉2 − (2 − 𝜇)𝜓2]𝜉𝑠ℎ𝜉 } + 

                                             +𝐶3{𝑡𝑢𝜓4𝑐𝑜𝑠ɳ − 2[4ɳ2 + (2 − 𝜇)𝜓2]ɳ𝑠𝑖𝑛ɳ} = 0                                   (11)  

In  (11)  i t  i s  denoted                 𝜉 =
𝛼𝑛𝑏

2
,      ɳ =

𝛽𝑛𝑏

2
,       𝜓 = 𝜆𝑛𝑏                 (12)  

Since the tr iv ia l  so lut ion of  the system (11)  𝐶1 = 𝐶3 = 0 i f  i t  i s  not  of  interest ,  then in 

order  to  ob tain  the stabi l i ty  equat ion,  i t  i s  necessary  to  equate  the  de terminant  of  th is  sys tem to  

zero.  As a resu lt  of  the  disclosure o f  the determinant,  we  get :  

 (4𝜉2 − 𝜇𝜓2)[4ɳ2 + (2 − 𝜇)𝜓2]ɳ𝑠𝑖𝑛ɳ+       

+(4ɳ2 + 𝜇𝜓2)[4𝜉2 − (2 − 𝜇)𝜓2]𝜉𝑡ℎ𝜉𝑐𝑜𝑠ɳ −       (13)  

−2𝑡𝑢𝜓4(𝜉2 + ɳ2)𝑐𝑜𝑠ɳ = 0.          

The re lat ionship between  𝜉  и  ɳ,  and also the fo rmula for  the cr i t ical  in tensi ty  of  the load  𝑁𝑥
∗ 

s tem from (7)  

𝜉2 − ɳ2 =
𝜓2

2
,            𝑁𝑥

∗ = 4𝐷
(𝜉2+ɳ2)2

(𝜓𝑏)2 .        (14) 

The join t  solu tion  of  the  las t  equat ion wi th  (131)  leads  to  the determinat ion of  the  en tire  

spec trum of  cr i t ica l  va lues 𝑁𝑥
∗.  

Minimum value 𝑁𝑥
∗

 with the specif ied parameters   𝑡𝑢 ,      
𝑎

𝑏
  corresponds to  cer tain  values 𝑛.  

F i g u r e  2  s h o w s  a  g r a p h  o f  t h e  d e p e n d e n c e  
𝑁𝑥

∗

𝑁э
  от 

𝑎

𝑏      
, buil t  for  differen t  

values 𝐶𝑢.  For  al l  curves i t  is  accepted  𝑘𝑎 = ∞,  т .е .  the  shear  deformat ion during  bending of  the  

reinforc ing rods i s  neg lected .  The upper  and lower curves in  Fig.  2  refer  to  two ex treme cases :  

𝐶𝑢 = ∞  ( the pla te  is  p ivota l ly  supported on r igid  supports a long a l l  edges) ,   𝐶𝑢 = 0  (  the long 

edges  of  the  pla te  are f ree f rom support ,  i .e .  there i s  a  beam scheme).   The intermediate  curves  

correspond to  the range   0 < 𝐶𝑢 < ∞,  moreover ,  the dashed l ines re fer  to  the  case of  hinge 

fas tening  of  the ends  of  the reinforcing rods,  and  the so lid  l ines  refer  to  the case  of  r igid  seal ing.  
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F i g . 2 .  D e p e n d e n c y  g r a p h    
𝑁𝑥

∗

𝑁э
  от  

𝑎

𝑏      
, buil t  for  different  values  

 𝐶𝑢.  

From Fig.  2  i t  can be  seen how s trongly the method of  f ixing the  ends o f  the  re inforc ing  

rods affec ts the stabi l i ty  of  the plate .  Th is inf luence  affects  not  on ly quanti ta t ive ly,  bu t  also  

quali ta t ive ly.  So,  for  example,  when 𝐶𝑢 = 25  and   
𝑎

𝑏
≥ 3 ÷ 4 the same re inforc ing rod  (but  wi th  

differen t  condi t ions  for  f ix ing i t s  ends)  leads  to  a  loss  of  s tab il i ty  of  the p la te  by a  di fferen t  

number of  ha lf -waves.  
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III. CONCLUSION 

It is known that with the cross-sectional dimensions of thin-walled rods supporting the long sides of the plate 

unchanged, the degree of elastic pinching during longitudinal compression of the plate increases with an increase in the 

ratio of the dimensions of its sides    
𝑎

𝑏
  (𝑎 > 𝑏) .  For extremely long plates when 𝑎 > (6 − 8)𝑏 the degree of pinching 

is close enough to a hard seal. 
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