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ABSTRACT: In this paper, we investigated the initial coefficient estimates and the Fekete-Szegd problem for a
subclass of analytic univalent functions involving the linear transformationD; 5 ..f for the normalized analytic

univalent functions f of the form
Flz) =z+az% +azz® +
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I. INTRODUCTION AND PRELIMINARIES

Let A be the class of functions analytic in the unit disk ' = {z : |zl = 1} and 5 the subclass of A.which consist of
functions of the form

fled=z+a,z8 +agz* +-,a, € 1
Satisfying f(0)} = f'—1 = 0in U
For the class of normalized analytic and univalent functions 5, Fekete and Szeg#i[1], proved that,

¢fu]=|m!—1m§|£1+29—:il, D<i<1 ()

Kanas and Darwish [2] remarked that, when 2 = 1 in equation (2), we have, ¢f = a; — a3, which is equivalent to ?
where 5, denotes the Schwarzian derivative which is given by

5=(0) -2

and that if we consider the nth root transformation
1

(Fz"N" = 2 + g 2" e 2 4o
: : . 2 7 (n-1)gl
of the functions in equation (1), thenc,,; = = and ¢y, ; = ET ===

so that

m?

a; — Aol =n(e2, + 1 —ucl +1)
where i = An + (n — 1) /2. In [3] Makinde et al remarked that, Several authors have discussed the nature of th{A] for
classes of normalized univalent functions in the unit disk and this is known as Fekete-Szegd problem. For instance in
[4], Choi, Kim and Sugawa gave a generalized of Fekete-Szegdproblem for prestarlike functions, while in [5] Fekete-
szeg d problem was solved using subordination principle. Moreover, in [6], [7], [8], [11] and [12] Fekete-
Szegdproblems were solved for class of close-to-convex functions. Authors in [8], [10], [13] and [14] also solved
Fekete-szegifor classes of normalized analytic functions.
Now, let 5°(£1. 55 be the classes of starlike and convex univalent functions of order g2, of the form
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5 —{?ES'RE( I -]] E U{E 1 EEU} 4
" f{z:] :}_ . = = L, {:]
E 3 he + : :] :}._, | =< 1, ZE N |::|

Several authors have generalized notions of § — starlikeness onto a complex order £ see [15], [16], [17]. Wheng = [ in
equations (4) and (5), the starlike, respectively, convex functions with respect to the origin is obtained. With the aid of
Ruscheweyh derivative, for the functions f € 5, Kumar et al [18] solved the Fekete-szegd problem for the class of
analytic functions of complex order of the form 5, (&) satisfying
RRCE R Ry :

Reql+ D) 1) = (6)
and Makinde et al in [3] solved the Fekete-szegd problem for a class of starlike functions using certain analytic
multiplier transform. Remark 1 When n = 0'in eq.(6),we have the class of starlike functions of order 1 — &,
Motivated by the work of Kanas and Darwish, using the linear transformation of Makinde et al inthe subclass of Kumar
et al , we study the coefficient estimates and solve the Fekete-szegd problem for the subclass of convex functions
LHEYE
Definition 1 Let & be a nonzero complex number, and f univalent functions of the form (1). We say that f belongs
toSs (B)if

1/=z(F")"(z)
Re {1 -I-E(W)} =z el (7
whereF = D . . f is as given in equation (7)
The following results shall be employed in the proof of the main results of this study.
Lemma 1 [20]: Let P be the class of analytic functions in I/ withP (0} = 1, Re p(z} = Oand of the form
plz) =14+ clz + 227 + -, (8)
then
legl =2.n = 1.

(1+y1z)
(1-y1z)

If [es] = 2 then p(z) =p, =

with y, = f—L Conversely, if plz} = p, forsomey; = 1, thencl = 2,, and

le,| = 2. Furthermore, we have
ci les |
L ——|=2-
-5 =2 -

f:
Ifley| < 2 and |e; — &

2— & then #{z) = 1, where
¥2z +¥1

~ 1 +z—.l 128
pE = w1
I s P
andy, =2y, = %.Conversely, ifp(z) = p2forsomeyl < landy; = 1.thenyl == ¥, = ﬁand
! el LT I . . s =Ly
|'5': - rT; =2- @

In what follows, we give the statement and proof of the results of this study.

Il. COEFFICIENT ESTIMATES FOR THE SUBCLASS S5 (b)

Theorem 1:Let n € Myand b a non-zero complex number. If f of the form (1) is in 55 (&), then

. a+f+y
il < ol (2222 )
e+ 2F + 4y
and
: Bl  a+f+y ;
|ah|~=_:’—(—) max[1. 11 +2blLg.yz20iezl;zseN, 1 si 2k
= 3 ho+3If+5y !
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Proof Letf € 55(b), then by definition 2, there exist an analytic functions g given by
plz) =1+ gz + cozf + - (9
Satisfying F(0} = lrar[]d Re{z(z)) = 0 such that
1 rz(F) (=)
3(—@].{2] )=p@ (10)
Where F = Dz,
From equation (10), we have:

z(F*)'({Z) bp(2) — 1) 11
_—_— ) —
Fr@
Equating coefficients in equation (11) using equations (8), we have
1
g, = ;t{‘ghal (12)
And )
1. .
ﬂ-! == Et! b [I:': + I:'i:b] {13:]
_ fe+If+ay _ fa+3f+o¥
Where £, = (—r:+.9+-,- )and £, = (—HS” )
Using equations (12) and(13) with lemma 1, we have
lag | < e7*1bl
And

lag | = |% 57 e, + c2b|
=‘lr3h [c _“f+1+2£’c=]
6 2 2 2 2 1
.,:Et-s[y_'ﬂ" |1+za||ﬂ|:]
~6 | 2 2

Bl . , c1* 1 + 28]
?t! _-I-T{l-i-_f: -1}

b
3 tr*max([1,[1 + 25l]
Which proofs theorem 1.

111 THE FEKETE-SZEGé PROBLEM FOR THE SUBCLASSESS; (b))

)

ag — pas = Et;‘g[c: + beil — uilbt e,

Theorem 2 Let & be a non-zero complex number and .f € 55(b7.
Then, for u £ T, the following holds.
e+ 38 +9y)°

(o + 26 +4y)%

lay — pa?l Egtf‘g“ﬂmax 1,01+ 2b — 3buts

Proof From equations (12) and (13), we have

b S
=—t7° [r:: + bei — EIMEJ‘ t;’c,j]

6

_E_S[ ) 3 _3(a+3ﬁ‘+9*rJ :]

_ﬁt! cy+ €1 —E.Ut: —Et+2ﬁ+‘1']f €y

b cf cf e+ 38 + 9%
=—it3* e ——+ |1 +2b—3b t-‘s(—' ]
g% |22 2T K u+2_.'3’+‘1'}’)]
:i&t"* , |c1|:+|f;1|:|1+?&l+35 t_3(5:-!—3_.'3-I-'.:J’Jf’J|
=67 |77 T2 2 - S VAT
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=E ,:_‘g

c+!3+9,)

a+2fF +4y

AL
24—t (|1+?b—3£:ut‘3(

}

Where t, = (m)and £y, = (m)

o +5+y o +5+¥

+38+09
s B2

In'I

z;Smax{ |1+ 26 — 3buere

This proofs the theorem.
Theorem 3 Let bbe a non-zero complex number and f € 55(b).

Then, for 4 € K, the following holds.

b 3 u+3.'3+91r|] 3 (u+2_.'3’+=1'1-’
| _= - - - T —— 7
|3 s [ - (1 2t (g+?3+4.]f)] if {zt* a+3g+9y]
;< L PEMLES L2 APPPR WML 2L )
e THEI= 3 2 \a+ 38+ 9/ T Tl a +38 + 9%
bl (@+38+%)° ] 2 (a+ 28 + 4y
_ y-E —_— (2
Et! [ ( {a-|—7,lj’-|-=1-y:]a: ] f“—albl a+38+9% jl{_lfll‘l'l:] (143

Where, = (£28227) , _ (extt=)

o +5+y o +5+¥
Proof 3 Let u = = £ ( ) From equation (17),
we have

Z+38 +5y
o+IF+4y
(@ +38 +%)°

L2 M e T )

)

lag —paf| < Ible%

Now, using the above calculations with

25 (Z2E) < s of (S22l + 1), we have

% hg+3F+5y “II < hp+3F+5y
a; — pa: = |bless
+I8 +4y

. = o 7
And conclusively, let y = — -I I s (a+!.9+9-;-) (2l5] + 1), then

., _ bl ley I (@ +35+9)
! — = _
lay —uafl = 5 ts [2+ 5 (2.u|b|{ PN EwRE 2|b|)
(o + 38 + 91,-)-3 7“]']
(@ + 28 + 4v)*
This concludes the proof of the theorem 3.

< Ibles® [z,u p| 2+ 36+ )

IV.CONCLUSION

The results in this paper extend the work of Kanas and Darwish as it is evident that for ==1 and
e+ f+y= “%M,s = 0 in the first part, respectively second part of the theorem 1 yields the first part respectively

second part of the theorem 2.5 for n = 0 Kanasand Darwish. Moreover, forn = 1.a refinement initial coefficient
estimates were obtained.
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