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ABSTRACT: Robust algorithms for estimating the state of control objects based on advanced observers of the kalman
type are presented. An estimator with exponential weighting of data is considered, and the Riccati equation includes a
shift by analogy with the case of a linear quadratic controller. For the case of a nonlinear observer, an adaptation
algorithm is given. The problem of synthesizing an observer with a noisy output is also considered.
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I.LINTRODUCTION

To generate feedback in automatic control systems, information on the state vector of the control object is required. In
the case when all state variables are available for measurement, for a controlled system, you can choose feedback that
provides the desired dynamic properties of a closed system. In practice, usually the measured variables of an object are
only individual components of the state vector or linear combinations of these components. The installation of
additional sensors, on the one hand, leads to an increase in the cost of the system, and, on the other hand, measuring
devices add extra dynamics to the control system, which complicates the synthesis of the control system. Thus, the
need arises for solving the observation problem, namely, the task of obtaining current information about the state vector
of dynamic systems from measured variables [1-8].

The observation problem, which is the fundamental task of the theory of automatic control, is solved on the basis of the
theory of state observers. In many cases, only after solving the observation problem can we begin to solve the control
problem, namely, the synthesis of feedback [4,5,9].

ILFORMULATION OF THE PROBLEM

Consider a dynamic object described by the equation:

X(t) = A(t)x(t) + B(t)u' (t) + w(t), 1)
where X, U and w — are state, control, and noise vectors of dimensions n, m and n, respectively, and 4 and B — are
matrices of dimensions nxn and nxm, respectively. The real input of the object U' — is determined by the expression:

u'(t) = Glu(t)}, )

where u is the desired input, G is some operator.

When receiving state estimates, only signal u can be used. The vector of dimension |x1 of the sensor output has the
form:

y@) = Lz} +w=[L(z), Ly (2,), . Li(@)] +v, 3)
where

7(t) =C(t)x(t), 4
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andv — interference measurements in dimension 1x1,a C(t) - I xn matrix dimension.

In real cases, there is only approximate knowledge about the operators G and L, namely Gand L. Then the extended
Kalman filter [10, 11], based on such knowledge about the object, can be described using the equation:
K(t) = AR+ BG{u}+ K(y—ﬁ{i}), (5)

where X and K mean, respectively, a state estimate and a Kalman gain.

Let X =x—X denote the estimation error. It is necessary to determine the conditions when the observer will be
asymptotically stable (i.e., X — 0at t — o) in the absence of interference [2,5].

Suppose that 4, B, C are non-stationary, and G, L — are non-stationary unambiguous non-linearities without memory.

At the disposal of the designer are «estimates» G and L . In addition, even if the L will be continuous and
differentiable everywhere. If L', (o) =0L(o,t)/ 0o — is designated, then the extended Kalman filter will be described
by equation (5), and the Kalman gain will be described by the expressions [9, 10]:

K(t) =2 (L' @W (), (6)

(' (2) = diag|l5 (2)),.... [ (2)) C ()
where Z=CX a W — I x| — is a positive-definite dimensional matrix corresponding to the covariance matrix of noise
interference in the sensors. Here X(t) — is the Riccati matrix of the extended Kalman filter corresponding to the
expression:

=AY+ AT —SCTLEWIL()C+V. (8)

Let us assume that >(0) =>, >0, a V(t) — positive definite matrix of size nxn.
The estimation error will be determined by the equation:
%(t) = A%+ B G {u}- G{u)]- k[Liz}- L{z)]

When analyzing the stability of the extended Kalman filter, we will use the Lyapunov method [10, 11]. Matrix Z‘l(t)

plays the role of a Riccati matrix for a linearly quadratic controller in the formation of the Lyapunov function. Since it
is non-stationary, it is necessary to prove that it is bounded.

Suppose [A(t) C(t)] is completely observable and there are constants f and y, such that 0<y <L (o)< p for
o € (—o,,),i=12,..,1.

For any given trajectory X(t), the Riccati equation (8) corresponds to the error covariance equation for the Kalman-
Bucy filter for a linear non-stationary system with matrix A(t) and observation matrix L'(t) C(t) [7-11]. The grammar
of observability for this system is limited as follows: for some 6 >0:

7R (t,t—0) <F(t,t—0)

: jq; t,7)CT (2)[L' (0)]’C(r)D(t, 7)d
t—6

< PR (L1 -0),
where ®d(t, ) — fundamental matrix:
At
Rtt-0)= [0 (t,r)CT (r)C(r)d(t,r)dr
t—0
is grammianom observability [A(t) C(t)]. Therefore, since [A(t) C(t)] is received entirely uniformly observed, this
applies to [A(t) L'C(t)]. In addition, %(t) >0 (since V >0) and XZ(t) are uniformly bounded above and below for all

t > 0. This allows the use of a quadratic function Z‘l(t) Lyapunov for stability studies.
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Suppose that for a system described by equations (1) - (4) (for w=v=0), G=G,L=L,W —is diagonal, and I:i -
is positively and uniformly bounded above and below. Then following [6,12] it can be shown that the estimate obtained
using equations (5) - (8) is globally asymptotically stable, i.e. X -0 at t —»> o, if

inf (L‘i)z(lj sup (L;)fori=12,...,1.
(~o0,0) 2 (—o0,0)

I11.SOLUTION OF THE TASK

Consider the use of an extended constant-gain Kalman filter for stationary systems. Here, when calculating the gains
((6), (8)), the constant L' is used. In particular, if we use L'=1, then the equation for the gain will take the form
[2,4,10]:

K=xc'w. (9)

Consider the estimator with exponential data weighting. Here algebraic Riccati equation includes a «a — shift» by
analogy with the case of the linear quadratic regulator. For this purpose, the matrix of A is added to member al (where
a - non-negative scalar) and eigenvalues for the closed loop real parts are smaller — o . The algebraic Riccati equation
will have the form:

(A+a)+3(A+al)’ —3C'WCZ +V =0. (10)

Thus, equations (9) and (10) are the same as for the steady state of the Kalman — Bucy filter for a linear object [4, 10].
Suppose that for a system described by equations (1) - (4) at w=v=0, 4, B, C, V, W — are stationary, G = G and
L = L. Then the estimator defined by expressions (5), (9) and (10) is globally asymptotically stable [6,12-14 ], if a
Ly>@A-og)/2, =12 ...1,
where
a1 “1v~Tn -1
og =ylV +2e%)"EC W CE]

Ay — denotes the largest eigenvalue.

Let us now consider dynamical systems described by nonlinear equations:
X(t) = Ax(t) + d (x(t), u(t), o(t),1),

X(Xo) =Xo»
wheret € R",x(t) e R" — state, u(t) e R™ — control, o(t) € RP — undefined parameter, A — constant matrix.

11)

The equations for the output are determined by the expression
y(t) = Cx(v), (12)
where y(t) e RY — is the output, the matrix C is constant.

Consider the task of synthesizing an observer based on information about the input and output and certain information
about the structure of the system (11) so that the output of the observer X is close to state x.
We assume that in system (11), (12) the pair (A, C) is observable.

It follows that there exists a matrix A such that A(A) < C for KiA+ KC . In addition, there is a solution P >0 of the
Lyapunov equation ATP+PA+Q =0, Q>0 [15-19],
a) there is a function h()):R"xR™xXx R — RY such that for all (x,u,o,t) e R"xR"xZxR:
Pd(x,u,o,t) =CTh(x,u,o,t);
b) there are unknown constants /3 € (0,00)" and a well-known function p()): R™ x(0,00)" x R — R, such that for all
(x,u,ot) eR"xR" xZxR,
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[h(x.u, o, 1) < pu, B.1) .
v) for each (u,t) e R™ xR, the function p(u,-,t): (0,0)" — R, belongsto C and is convex.

Thus, forany f,, 3, € (0,:0)", the inequality
PR~ P ) < L0 Po O~ )

Consider the following observer:
X(t) = AX(t) - Ky(t) + p(X(t), y(t) A(t). ), (13)
where X(t) € R" assessed condition.

Then, adaptation parameter ,B(t) can be determined in accordance with the following adaptation algorithm [2,4,7]:
R . o"p, & A
A1) = Lifla(, y)||¥(u,ﬂ,t) - LA
Blto) = Bo,

where a(x,y)=CX-y.Here L,L, —are constant, positive definite matrices.

A
Let e(t)=X(t) — x(t) denote an error. If we subtract (13) from (11), we can obtain the following equation for the error:

é(t)iﬂﬁ(t) = Ky(t) + p(X(t), y(t), u(t), A1), t) — AX(t) - d (x(t), u(t), o (t), 1).
Given A= A+KC and (12), we can write
é(t) = Ae(t) + p(R(t), y(), u(), A(t), t) —d(x(t), u(t), o(t), t)} .
e(ty) =€y = X(ty) — Xo
Consider the observer (13) for function p(-) defined by the expression
P(%,y,7) =—P'CT7(C&~y). (14)
Here y(t) — is the parameter corresponding to the expression
7 = kJex) - yo I - |2};(t)}
7(to) = Yo

where 1;,1; >0.
Recall that e(t) = X(t) — x(t). The equation for the error at p determined using (14) will have the form

&(t) = Ae(t) - P7CT7(HICR() - y()] - d(x(t),u<t),o(t),t)} _
e(ty) =&y = X(ty — %o)

Now consider the case of a noisy exit.

Let

y(t) = Cx(t) + v(t),
where v(t) e RY — noise in output measurements. Consider observer (13) at p() given by (14) [4.7]. Then, in
accordance, one can propose the following adaptation algorithm:

7 =1|Ck®) -y - []cf® - v+ |3]7(t)} |
7o) = 7o
where |, I,, I3 > 0. The equation for the error has the form
&(t) = Ae(t) —PCT (OICR() - y1)]-d(x(t), u(t), o(®).).
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VI.CONCLUSION AND FUTURE WORK

The above algorithms make it possible to increase the degree of observability of controlled objects and qualitative
indicators of the processes of managing complex systems.
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