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ABSTRACT: This paper presents an analytical method for solving the filtration of a fluid in a semi-bounded porous
medium in the presence of well galleries. Theressure distribution in stationary filtration is defined as combinations of
elementary functions.
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ILINTRODUCTION

Calculation of complicated groundwater flow in the presence of various types of drainage facilities remains at present
one of the important problems [3,4,7,8]. Such calculations have to be made in the tasks of migration of moisture and
pollution, when predicting the hydrochemical regime of soil and groundwater, during irrigation, land drainage,
development and operation of gas and oil fields, in assessing water reserves of pressure horizons, etc.

As practice shows, the intensive development of irrigated agriculture without proper substantiation and analysis of the
interrelation of diverse natural conditions leads, as a rule, to both a change in the water-salt balance of soils and the
environment as a whole [2,3,6,8].

Example for pressure filtrations flows is can serve as artesian groundwater, which when drilling wells give a fountain.
An example of free-flow flows is the movement of water along the open channel of a river.

The purpose of this work is to obtain effective approximate analytical solutions for the evaluation of the pressure in a
semi-bounded porous medium.

In this paper, planned pressure filtration in a semi-bounded environment is considered, when a well-permeable horizon
is opened by a system of vertical drainage well galleries with perfect filters (Figl). At given costs on the galleries of
wells a constant pressure is provided at the point of their intersections (xy, y1). The considered horizon with a pressure
h(x,y) and filtration conductivity T is hydraulically connected through a low-permeable layer having a thickness m, and
filtration coefficient K, with the underlying layer, the pressure in which is equal to H = const. Under the following
assumptions, it is possible to express the function of reducing the pressure in elementary functions.

Here we consider the above problem with different boundary conditions.

As is known, in real situations, the pressures, velocities and costs in the study of groundwater flows, in general,
filtration flows depend on four variables: spatial coordinates x,y,z and time t . However, the size of aquifers in area
far exceeds their thickness (depth of the aquifer or reservoir).For this reason, for hydrogeological calculations it is
sufficient to consider them in a flat plane. Then the above physical parameters are defined as functions of two spatial
coordinates [2,3,7,8].

To achieve this goal, when modeling pressures in a semi-bounded porous medium with well galleries in both
permeable and impermeable boundaries, a two-dimensional elliptical equation was used, subject to the general
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conditions for both cases. Using the Fourier cosine transform with finite limits and the Fourier sine transform with
infinite limits, we can obtain analytical solutions for determining pressures [1,6].

Figl.

11. Modeling pressure in a semi-bounded porous medium with well galleries for permeable boundaries with x = 0,
x=landy=0

A problem with permeable boundaries is considered. In the pressure well-permeable layer there are galleries of vertical
drainage wells with perfect filters in this horizon (Fig2). A constant level is maintained at the intersection points of
these galleries.
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It is required to solve a two-dimensional elliptic equation
0°h 0*h K,

H—-—h) =0. 0<x<L 0< (o] 1
SatiS'in g conditior
= =0 lim |h(x )l < M = const 2
ox x=0 ox x=L ' }1 * Y ' ( )
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dh dh ) dh 6h| () @)
Oxly 40 Oxly g T ' 0y ST N T’

ah

P M 0. (4)

Where

ch(wy)exp(—wy,), 0=y =y
ch(wyy)exp(—wy),y; <y < oo,
ch(wx)chlw(L —x)],0<x<x
ch(wxy)ch[w(L — x)],x; < x < L.

B= wG (x1,y1)
ch(wxy)ch[w(L — x;)]ch(wy,)exp(—wyy)’
G(x1,y1) = h(xy,y1) — H
K, c

sznT, w = E

0.0 = BT sh(wL) {

0, = BT {

Here, the functions gi(y) and g»(x) are chosen so that a significant part of the flow falls on the well placed at the
intersection point of the galleries (xy, y1) [1].

We introduce the function U(x, y) = -G (x,y) then equation (1) and conditions (2) - (4) will be rewritten as

0*U  0°U
ﬁ+W—CU=O (0<x<L 0<y<oo). )
au U ~0 lim |UCx, y)| < M, = . ;
Oxlymg  Oxleey Smivx y)l = My = const, 6)
Glij o qal) au| au| e ”
Oxliivo 0%l T’ dy y1+0 dy y1—0 T’

au

wrly =0 ®)

Applying to (5), (6) a Fourier cosine transform with finite limits

L
_ nwxy | .
Uy = f U(x,y)cos (T) dxiol

0
and (5), (8) Fourier cosine transform with infinite limits

wewillreceive:

T.(n¢) = v 2/m wBsh(wL)cosifnmx, /L) cosHEy,)
(W) =TT 0 + (/7]
In the transition to the original in (9), the inverse cosine Fourier transform with infinite and finite limits was used:

©)

0.00) = 2 7 B, E)cositey)

Copyright to IJARSET www.ijarset.com 9307


http://www.ijarset.com/

ISSN: 2350-0328
International Journal of Advanced Research in Science,
Engineering and Technology
Vol. 6, Issue 5, May 2019

U(x,y) = lU 0,y) + %Z U (n, y)cos (T)

n=1

where

U.(n,y) = [} U(n,y)cos ("’Z ) Al

The values of the following sums of series and the value of improper integrals are taken from [5]:

i cos nxn (Tl??TC) B _L

nxn) T 2w?

L {ch(wx)ch[w(L -x)], 0<x<x
20sh(wL) {ch(wxy)ch[w(L —x)], x; <x <L’

foo cos (y1x)cosiflyx) dx = l{exp(—ylw) Ch(y(l)), 0< y < V1
0 w?+x? 20 (exp(—yw) ch(y1w), y1 <y <oo

Passing from the function U to the function h, we finally obtain the solution of problem (1)-(4) in the form
h(x;Y) =H + [h(xl,yl) - H] X

ch(wx)ch(wy)

ch(wx;)ch(wyr)’

ch(wx)exp(—wy)
chlwxexp(—wyy)’ a0

chlo(l = N)]chwy) .

chlw(L — x1)]ch(wy1)’ -0 -

chlw(L — x)]exp(—wy)
chlw(L — x;)]exp(—wy1)’

0<x<xq, 0<y<yy;

X

A

The task is easily generalized to the case of N galleries of wells whose lines of action are parallel to the boundaries of
the area:

N
hG,y) = H+ ) [hGa, 70 = HI X
i=1

ch(wx)ch(w;y)

] = S i) 0 S S ;
o)y CS¥SX 0S¥y
o jerplw.y) <x<x, y<Sy<ow
Ch(wixi)exp(—wiyi)’ =4 =24, P S ;
X chlw;(L — x)]ch(w;y) (11)
AS A i
chlw;(L — x)]ch(w;y;)’ x;<x<L 0<y<y;
chlw;(L — x)]exp(—w;
[z( )] p( Ly) 0<x<x, ySsy<ow

chlw;(L — x)]exp(—w;y;)’

Figure 3 for two wells show the distributions of pressures h(x,y) from different sides, calculated using the obtained
calculation formulas (11) with the following parameters:
L=100 m; h1=35;x,=60 m; y;=50 m; h(x,y1,)=5; ¢:=10% w; =+/c;/2;
%=60 m; y,=100 m; h(x2,y,,)=10; =103 w, =+/c,/2.
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Fig3.

Numerical solution Analvtical solution

Fig4.

In fig. 4.for one well are given the surfaces of the pressure h (X, y) calculated by the obtained calculation formulas (10)
and using the numerical method, where the following parameter values are used:

L =60 m; hl =25;x; =20 m; y; =20 m; h(Xy, y1,)=5; ¢, = 103 w1 =+/¢1/2.

I1l. SIMULATION OF PRESSURES IN A SEMI-BOUNDED POROUS MEDIUM WITH WELL GALLERIES
FOR PERMEABLE BOUNDARIES WITHx =0 AND x =L, AS WELL AS AN IMPERMEABLE BOUNDARY
WITHyY=0
Here we consider a problem that has both permeable and impenetrable boundaries (Fig5). In the pressure well-
permeable layer there are galleries of vertical drainage wells with perfect filters in this horizon. At the intersection

points of these galleries a constant level is maintained.

It is required to solve a two-dimensional elliptic equation

0’h  9*h K,

T T L - = < < <
6x2+6y2+mnT(H h)=0 0<x<L 0<y<owm) (12)
satisfying condition
oh _ ok =0 lim |h(x,y)| < M = t 13
Oxly—g  Oxleey yl—r>§° Lyl =M= const, (13)
doh doh ) dh 6h| _ q2(x) 14
0xly 40 Oxly o T ' 0y [T N T '’
h(x,0) = hy, (15)

where
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sh(wy)exp(—wy;), 0=y <y

0 0) = BT sh(wl) {sh(a)yl)exp(—a)y),yl sSy<o.

ch(wx)ch[w(L —x1)], 0 < x < x;

q;(x) = BT {ch(wxl)ch[w(L —-0))x <x <L

B= wG (x1,¥1)
ch(wxy)ch[w(L — x;)]sh(wy,)exp(—wy;)’

G(x1,y1) = h(xy,y,) —H — (hy — H)eXpE@_\/E}ﬁ),

_ K —f hy = const
C_mnT' w= 7 1 = const.
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Here, the functions gi(y) and gx(x) are chosen so that a significant part of the flow falls on the well placed at the

intersection point of the galleries (x4, y1) [1].

We introduce the function U(x, y) = -G (x,y) then equation (12) and conditions (13)-(15) will be rewritten as

0°U 0%U

m+W—CU=O. 0<x<L 0<y<m)

au au 0 lim |UGx, y)| < M "

- = — =0, im X, < = const,

0xl—g Oxly_ y-ow Y !

ou au ) 6U| 6U| g2 (x)

ox x1+0 ox x1-0 T’ ay y1+0 ay y1—0 T
U(x,0) = 0.

Applying to (16), (17) a Fourier cosine transform with finite limits
L

U.(n,y) = f U(x,y)cos (@) dxi7}
c 4 y ’ y L .....
0
and (16), (19) Fourier sine transform with infinite bounds
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we will receive:

\/ 2/m wBsh(wL)cosifnmx, /L)sini{E y;)
(w? +¢H)[w? + (nm/L)?] '

In the transition to the original in (20), the inverse sine transform of Fourier with infinite and cosine transform with
finite limits was used:

(n,§) =

(20)

(%)

Ulx,y) = %UC 0,v) + %Z U.(n,y)cos (nLLx)

where
L
— nmx -
UM,y = j U(n,y)cos (T) dxir}
0
and the values of the following sums of series and the value of improper integrals are taken from [5]:

2, cos (nzc_n) cos (nxLln) 1
nZl w? + (@)2 R
- L

L {Ch(wx)ch[w(L —x)], 0<x<xg
20sh(L) (ch(wx;)ch[w(L —x)], x; <x <L’

f sin(y; x) sinéfyx) e = l{exp(—yl w) sh(yw), 0<y <y,
w? + x2 2w lexp(—yw) sh(y,w), y1 Sy <o’

Passing from the function U to the function h, we finally get the solution of the problem (16) - (19) in the form

h(x,y) = H + (hy — H) exp(—Vcy) + [h(x1,y1) — H — (hy — H)expifi—Vey)] x

ch(wx)sh(wy)
ch(wx1)sh(wy,)
ch(wx)exp(—wy)
ch(wxy)exp(—wy;)’
chlw(L — x)]sh(wy)
chlw(L — x1)]sh(wy1)’
chlw(L — x)]exp(—wy)
chlw(L — x;)]exp(—wy,)’
In fig. 6 shows the surface of the pressure h (X, y), calculated by the obtained calculation formulas (21), where the
following parameter values are used:
L=100 m; h1=35;x;=25m; y;=40 m; h(xy,y;)=55; c,;=10% w1 =+/c1/2.

, 0<x<x, 0<y<y;
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Fig6.

IV.CONCLUSION

As a result of the study, mathematical models of pressure filtration in a semi-bounded porous medium are proposed.
Under certain conditions, efficient approximate analytical solutions have been built to determine the pressure in a semi-
bounded porous medium. The results of the decision, as can be seen from the calculations carried out, agree quite well
with the qualitative data of the process.
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