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ABSTRACT: In this paper , we define the concept of the Cartesian product of two fuzzy modular spaces and prove some results related with
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ILINTRODUCTION

The concept of fuzzy sets was introduction by Zadeh [6 ] in 1965 and there after several author applied it to different branches of
pure and applied mathematics . The definition of fuzzy modular space was introduction by Young Shen and Wei Chen [5] in 2013 .
We use this definition to prove that the Cartesian product of two fuzzy modular spaces is also fuzzy modular space.

In this effort, we introduce the Cartesian product of two fuzzy modular spaces and some theorem related with it.

I1. MAIN RESULTS
Definition (1.1):[6]
A fuzzy set B in X (or a fuzzy subset in X) is a function from X tol, i.e., B € I¥,
Definition(1.27: [5]
A fuzzy modular space is an ordered triple (X, u.#) such that X is a vectorspace , = is continuous t- norm and w is
a fuzzy set on X x (0, so)satisfying the following condition , forall x.y € X and . § = 0 witha + § =1:
plx,t) =0,
ulx,£) =1 forallt = Oifand only if x = 0.
plx, t) = pl—x,t)
wlax + fy.s +t) = ulx, s) = uly, t)
culx,. )z (0,02 = (0,1] is continuous.

=

G W

Definition(1. 3):

Let (X uy.#) and (Y. uz.%) be two fuzzy modular spaces . the Cartesian product of (X, M.#) and (Y¥.M.#) is the product space
(X = ¥V.M.+} where X = ¥ is the Cartesian product of the sets X and ¥ and u is a function

wilX % (0,2)) % (¥ x (0,02)) = [0,1] is given by :

ul(Ce, ) s +£) = uy e 5) wpy () forall(ry) eXxVandt.s =0.

Theorem (1.4):

Let (X, uy.#) and (Y. u7.#) be two fuzzy modular spaces. Then (X = V. u.#) is a fuzzy modularspace.
Proof :

Let (x,y) € X % Y, we have

(1) since p,(x.5) = 0 v5s = 0and u,(y.t) = 0 ¥t = 0,then

W) s +8) = uy (. s) =y 8) = 0.

(Du,(x.5) =1 & x = 0.also p,ly. t) =1 & y.Togetheru, (x,5) = u,(y.£) =1

= (x,y) = 0.Hence p{(x.y) s +t) = 1vst> 0 & (xy) = 0.

(3)since u, (., 5) = puy(—x.5) ¥s5 = 0and p,(y t) = yy(—y. &) vt > 0,then

#(Gey)s+8) = py Ges) « pp(y.8)

=y~ 5) s, (—y. t) = ul—Cx,v) 5 +£).
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@) plalepy )+ 8l ) s+ 8} 2 pllax, + Bxpay + By )s +t)
= lax, + faps +t) = pylay, + By s+ )
= u 1{1-1.-5:] * I“:{I:.-E] * .'I"II{}?]_-' 5:] = IU:':_‘,I.-':_. t:]
EN TR ETIE ETRLCYRE) RV 9 ETRICTI S
= u(Crpyy)os) = p(Geg ). )
{(5)since u, (x, 5):(0, 02} — (0,1] is continuous and u,(y, £): (0, o) — (0.,1] is continuous
then p(Ge.y). s + t): (0,00) = (0,1] is continuous.

Theorem (1.5):
Let {x, ] be a sequence in a fuzzy modular space (X, u..*) converge to x in X and {¥,} is a sequence in the fuzzy modular space
(¥, u.#) converge to ¥ in ¥. then {{x,.¥,)} is a sequence in a fuzzy modular space (X % ¥, u.*) converge to (x. ¥} inX x V.
Proof:To prove that sequence {{x,.¥,J}in X % ¥ Converges to (x. )

We show that limy, . u{(x,. ¥ ) — eyl s +8) =1

By Theorem ( 1.4) (X = ¥, i .#) is fuzzy modular space

Since {x,,} be a sequence in (X, u; .=} Convergence to x

Then limy_ . pylx,— x50 =1

Since {¥,} be a sequence in (X. u, .=} Convergence to ¥

Then limy,__ 1, (v, — w5l =1

Then that limy, . u((x,. %) — e.yhs + &) = lim,__p, (e — . 5) s limp . _p, Gy —vtl =1+1=1

Thus {Cx .3, )} Converges to (x. ¥) .

Theorem (1.6) :

If {x .} be a Cauchy sequence in a fuzzy modular space (X, .*)and {y,} is a Cauchy sequence in a fuzzy modular space
(¥, uy.#)then {{x.v,)} is a Cauchy in a fuzzy modular space (X x ¥, u.) .

Proof :

By theorem ( 1.4 J(X x Y. u =) is a fuzzy modular space .

Since {x, be a Cauchy sequence in a fuzzy modular space (X, u; =)

Then limy e iyl — x50 = 1

Since and {y,.} is a Cauchy sequence in a fuzzy modular space (V. u4.%)

Then limy e pig (v — ¥ 8] = 1

Thenl[mi’!—:x u ':':-rr! J.‘Fr!:] - l::-rrru.‘}"rr.:]*s + t:] = [ l[mr!_rr.—:x ."-"L':-rr! — t:]] * [ Hmr!_rf.—::: Ha I:_'ﬂ'! = ¥m *5:] =
1=1=1

Thus {(x, ,v,)}is a Cauchy sequence in (X x Y ,p =)

Definition (1.7) :
A fuzzy modular space(X. u.#}is called Complete if every Cauchy sequence is convergent in (X, i) .

Theorem (1.8) :
If (X, uy.#) and (Y., u.#) are Complete fuzzy modular space then the product (X = ¥. u .} is Complete fuzzy modular space .

Proof :

Let {{x,.¥,)1 be a Cauchy sequence in X x ¥

Since (X, uy.#) and (Y. =) are Complete fuzzy modular space

Then 3 xin X and ¥ in ¥ such that {x,} Convergent to x and {¥,} Convergent to ¥
So limy ey e Iuj_{.rn — x5 =1and limy e .“1':_‘}’n — ¥, £l =1
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Now Then lim,__ 4 ((x,.%,) — .yl s +t) =
[ lim Iulli.rn—.r,s:]] #[ lim p, —y. 80 =1=1=1
LT =e

MiM—s=e

Then {(x,.v,J} Convergentto (x.¥)in X x ¥ .

Theorem (1.9):

If (X ¥, u.#) is a fuzzy modular space, then (X, u;.#) and (¥, u4.#) are fuzzy modular spaces by defining
pilxt) =u {{x 0J. t}
and (v, ) = u((0,y),¢) forallx e X, ye Vand t = 0.

Proof :

Wy, lx ) = ,u{'i.r; 0). t} =0 vxelkX.
(DFor allt>0,1=pu,(xt) = u(x,00.t) 2 x=0.
(3)For all t = 0,4, (x.£) = p, (—x.8) = u(—(x.0).8).
@Dy, lax+ By.s+8) = ullax +By. 005+ t)
=u {{.r, I:I:],s} * Iu{(}-‘, o), t} =ugxs)=uvt).
(5)u,(x,.) = u((x,0)..) is continuous from (0, 22) to (0,1]for all x € X . Then (X u1.#) is fuzzy modular space
Similarly we can prove that (¥, ti5.%) .

Theorem (1.10):
If (X = ¥.u.=)} be a Complete fuzzy modular space , then (X, u4.+) and (¥, u5.%) are Complete fuzzy modular space .

Proof :

(X, wy.#) and (Y, p4.#) are fuzzy modular spaces by Theorem (1.9)

Let {x,,} be a Cauchy sequence in (X, ty.%)

Then {{x,.0]} be a Cauchy sequence in ¥ x ¥

But X = ¥ is complete fuzzy modular space

Then there is (x. 0 in X % ¥ such that {{x,.0}} Convergent to (x. 0)
Now , lim, . g, (e — 2 8] = limp_ . p((x,—x. 008 =1

Then (X, uy.#) is Complete fuzzy modular space

Similarly we can prove that (Y. t,.#} is Complete fuzzy modular space .
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