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ABSTRACT: The process of anomalous solute transport in a coaxial cylindrical porous media is modeled by 
differential equations with a fractional derivative. A problem of solute transport in a two-zone cylindrical media 
consisting of macro- and micropores, with considering adsorption effects, is posed and numerically solved. The profiles 
of changes in the concentrations of suspended particles and adsorbed solute in macropore and micropore, the surface of 
local concentration in micropore are determined. The influence of adsorption phenomena and the order of the derivative 
with respect to the space coordinate, i.e. fractal dimension of the media, on the characteristics of the solute transport in 
both zones is established. 
 
KEYWORDS: porous media, solute transport, adsorption, fractional derivatives, macropore, micropore. 
 

I. INTRODUCTION 
 

The problems of solute transport and filtration of nonhomogeneous liquids are of great practical importance in 
many branches of engineering and technology. Oil reservoirs and aquifers may contain areas with a stationary or 
inactive fluid where fluid filtration and solute transport occurs with the manifestation of several features. Many works 
have been published where on the basis of experimental studies, several novel effects are revealed. In theoretical works, 
research is based mainly on phenomenological mathematical models. 

Conceptually, models can be divided into two large groups. In the first group of models, the process is described 
from a microscopic point of view. The solute transport is considered in a single pore or channel with a certain geometry 
or in a hollow media between aggregates of a certain type. The transfer from macropores to the environment is 
described by the diffusion equation. Such types of models were analyzed, in particular, in [1,2, 3, 4, 5, 6, 7, 8]. 

In the second group of models, the geometry of macropores and their environment is not considered explicitly, 
but instead, channels of various sizes and surrounding rocks are considered as a whole and are studied from a 
macroscopic point of view. The medium is divided into two parts, in one of which the liquid is considered as active, i.e. 
mobile, and in the other part - immobile or inactive. Mass transport between two parts (or zones) is usually described 
by a first order kinetic equation. Models of this type are commonly referred to as “mobile-immobile” type models. As 
one of the first models of this type, one can indicate the work [9], where the concepts of mobile and immobile parts 
(zones) of the environment are introduced. This approach was further developed in [10, 11, 12, 13, 14, 15, 16]. 

In fractals, one of the first, transport equations were proposed in [17]. In fractured-porous media, the transport 
equations were analyzed in [18, 19, 20]. It is shown that the order of the fractional derivative in the equations depends 
on the fractal dimension of the media. 

In this paper, we numerically investigated the problem of anomalous solute transport in a two-zone cylindrical 
media, taking into account the phenomenon of adsorption. In both macropores and micropores, the fractal dimension in 
the diffusion terms is taken into account. The role of adsorption and transport anomalies in changes in concentration 
fields in both zones is estimated. 

 
 

http://www.ijarset.com/


      
         
        

ISSN: 2350-0328 
International Journal of Advanced Research in Science, 

Engineering and Technology 
Vol. 6,  Issue 12 , December 2019 

Copyright to IJARSET                                                           www.ijarset.com                                                                      12048 

 

 

 
II. FORMULATION OF THE PROBLEM 

 
A cylindrical porous media with a cylindrical macropore in the center is considered, i.e. a research area of the 

problem consists of two parts: 1)  Macroporous media (macropore), having a radius a  (zone   arx  0,01 ), 
with large pores, characterized by a relatively high porosity and average velocity of the liquid in it,  2) Surrounding 
cylindrical microporous media (micropore), occupying zone  brax  ,02 , having low or zero porosity and, 
accordingly, the flow rate  (Fig.3.1) [1].  
 

 
Fig.1. Cylindrical media with cylindrical macropore. 

 
Here, adsorption in a fractal cylindrical media is considered. For this case the transport equations have the form 
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where mc  – average concentration in 1 , 33 мм ,  mD  – diffusion coefficient in macropore, см , mv  – the average 
propagation velocity of the substance in 1 , см ,   – order of derivative ( 21  ), m , im  – porosity coefficients 
of macroporous and microporous media, m – relative bulk density of the region 1 , ms  – concentration of the 

adsorbed substance in the macropores, imc   –  average concentration of the substance in the region 2 , 33 мм , which 
is determined from the following relation 
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where as  – local concentration of adsorbed substance in the surrounding cylindrical media, m , im  – bulk density of 
macropores and micropores. 

An initial and boundary conditions are taken as: 
0),0( xcm ,               (4) 
0),0( xcim ,               (5) 

0),,0( rxca ,                                                                                                 (6) 

0)0,( ctcm  , const0 c ,           (7) 

0),( 

 t

x
cm .           (8) 

1. We consider several cases adsorption kinetics. Solute transport a cylindrical media with a cylindrical 
macropore taking into account nonequilibrium adsorption. In this case, the kinetic adsorption equations are taken as 
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where ad  - coefficient of the characteristic transition of time from nonequilibrium to equilibrium adsorption. In 
general ad  for (4.11) and (4.12) may have different values. 
 The initial conditions for the concentrations of adsorbed substances are taken in the form    

 0),0( xsm ,          (11)  
0),,0( rxsa .          (12) 

 
III.  NUMERICAL SOLUTION OF THE PROBLEM 

 
To solve problem (9) - (12), we use the finite difference method [21]. Equations (9) - (10) after approximation take the 
form 
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In this case, equations (4.1), (4.3) are approximated as follows  
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        1,1,,0  JjIi .  

where  kimc ,  kiimc ,  k jiac ,  – grid function values of ),( xtcm , ),( xtcim , ),,( rxtca  at the point ),,( jik rxt ,  
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  llw l , )(  – gamma function, I  – is taken large enough so 

that the concentration profiles do not reach the selected conditional boundary of the region.  
The calculation of the solution is as follows. By  (13), (14) are determined     11 ,  k

ia
k
im ss . After that, the 

equation is solved (16) and    will be determined    1k
iimc  of (2) by numerical integration. Substituting   1k

iimc  in (15) 

we determine the concentration field   1k
imc . 

Here, adsorption is of a kinetic nature, therefore, in the transition period, the transfer will be different from the 
equilibrium case. 
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Fig.2 and 3 show that the decrease in the values of   from 2 leads to intensification of transfer in both zones, 

1  и 2 . This, in turn, provides for the intensification of adsorption. The effect of change 1  on the concentration 
distribution of suspended and adsorbed substances is shown in fig. 4, 6. Here, as in the case of equilibrium adsorption, 
transport intensification in 2  adversely affects distribution in 1 . 

 

 
 

 
 
 
Fig. 2. Concentration profiles mc  at various points in time at 410mv  m/s, 610aD  sm 12 , 510mD  sm ,

5105,2 ak  m3/kg,  510mk  m3/kg, 1000ad  s, 2,11  (а);  8,1 (b);  4,1 (c). 
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Fig.3. Concentration profiles imc  at various points in time at 410mv  m/s, 610aD  sm 12 , 510mD  sm , 

5105,2 ak  m3/kg,  510mk  m3/kg, 1000ad  s, 2,11  (а);  8,1 (b);  4,1 (c). 
 
 
 

  
 
Fig. 4. Concentration profiles mc (а), imc  (b)  at 3600t  s, 410mv  m/s, 610aD  sm 12 , 510mD  sm , 

5105,2 ak  m3/kg,  510mk  m3/kg, 1000ad  s, 
                                  1,2 1  ;                                          9,0,2 1  ;                                  8,0,2 1  . 
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Fig. 5. Concentration profiles mc  at various points in time at 410mv  m/с, 610aD  sm 12 , 510mD  sm , 

5105,2 ak  m3/kg,  510mk  m3/kg, 9,0n , 2,11  (а);  8,1,11  (b);  9,0,2 1  (c). 
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Рис. 6. Concentration profiles imc  at various points in time at 410mv  m/s, 610aD  sm 12 , 510mD  sm , 

5105,2 ak  m3/kg, 510mk  m3/kg, 9.0n , 2,11  (а);  8,1,11  (b);  9,0,2 1  (c). 
 

 

 
Fig. 7. Surface ac  at t=3600 s, 9,0n , 410mv  m/s, 610aD  sm 12 , 510mD  sm , 5105,2 ak м3/kg, 

510mk m3/kg, 2,11  (а); 8,1,11  (b);  9,0,2 1  (c). 
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IV.   CONCLUSIONS 
 

On the basis of computer experiments it is shown that adsorption phenomena lead to a slow propagation of 
solute concentration profiles in both zones. Nonlinear adsorption with 1n  at all other some parameters intensifies 
adsorption, which affects the general characteristics of the transport. Fractal structure of zones considerably influences 
on solute transport, leads to “slow” or “fast” diffusion according to where it is taken into account, in diffusion term or 
in local temporal derivative term in the transport equation. 

 
REFERENCES 

1. Van Genuchten M.Th., Tang D. H. Some Exact Solutions for Solute Transport Through Soils Containing Large Cylindrical Macropores // 
Water Resources Research. Vol. 20. No. 3. 1984. Pp. 335-346. 

2. Rao P.S.C., Jessup J. E., Rolston D.E., Davidson J.M., Kilgrease D.P.  Experimental and mathematical description of nonadsorbed solute 
transfer by diffusion in spherical aggregates // Soil Sci. Soc. Am. J., Vol. 44. 1980a.  Pp. 684 – 688. 

3. Rao P.S.C., Jessup R.E., Addison T.M. Experimental and theoretical aspects of solute diffusion in spherical and non-spherical aggregates // 
Soil Sci. Soc. Am. J., 133. 1982. Pp. 342-349 

4. Rao P.S.C., Rolston D.E., Jessup R. E., Davidson J.M. Solute transport in aggregated porous media: Theoretical and experimental evaluation. 
// Soil Sci. Soc. Am. J., Vol. 44. 1980b. Pp. 1139 – 1146. 

5. Scotter D.R. Preferential solute movement through large soil voids, I. Some computations using simple theory //  Australian Journal of Soil 
Research Vol. 16. 1978. Pp. 257-267. 

6. Skopp J., Warrick A.W. A two-phase model for the miscible displacement of reactive solutes in soil // Soil Sci. Soc. Am. J. 38(4). 1974. Pp. 
545-550. 

7. Sudicky E.A., Frind E.O. Contaminant transport in fractured porous media: Analytical solutions for a system of parallel fractures // Water 
Resour. Res. 18(6). 1982. Pp.1634-1642. 

8. Tang D.H., Frind E.O., Sudicky E.A. Contaminant transport in fractured porous media: Analytical solution for a single fracture // Water Re 
sour. Res. 17(3). 1981. Pp. 555-564. 

9. Coats, K.H., Smith, B.D. Dead-end volume and dispersion in porous media // Society of Petroleum Engineering Journal, 4(1), 1964, 73-84. 
10. Gaudet J.P., Jegat H., Vachaud G., Wierenga P. Solute transfer with exchange between mobile and stagnant water through unsaturated sand // 

Soil Sci. Soc. Am. J., 41, 665-671, 1977. 
11. Nkedi-Kizza P., Biggar J.W., Selim H.M., van Genuchen M.Th., Wierenga P.J., Davidson J.M., Nielsen D.R. On the equivalence of two 

concentual models for describing ion exchange during transport through an aggregated oxisol // Water Resour. Res. 20:1123-1130, 1984. 
12. Rezanezhad F.,  Jonathan S.P.,  James R.G. The effects of dual porosity on transport and retardation inpeat: A laboratory experiment // Can. J. 

Soil Sci. 92. 2012.  723-732 p. 
13. Selim H.M. Transport & Fate of  Chemicals in Soils: Principles & Applications. CRC Press Taylor & Francis Group. Boca Raton London New 

York. 2015. 
14. Skopp J., Gardner W.R., Tyler E.J. Solute movement in structured soils: Two-region model with small interaction // Soil Sci. Soc. Am. J., 45, 

837-842, 1981. 
15. Van Genuchten M.Th., Werenga P.J. Mass Transfer Studies in Sorbing Porous Media: II. Experimental Evaluation with Tritium (H2O) // Soil 

Sci. Soc. American J., Vol. 41, 1977. 272-278 p. 
16. Van Genuchten M.Th., Wierenga P.J. Mass transfer studies in sorbing porous media. 1. Analytical solutions // Soil Sci. Soc. Am. J., 40(4), 

1976, 473-480. 
17. Nigmatullin R. R. The realization of the generalized transfer equation in a medium with fractal geometry. Phys. Stat. Sol. (b). 133. 1986. 425–

430. 
18. Fomin S., V. Chugunov and T. Hashida. Application of Fractional Differential Equations for Modeling the Anomalous Diffusion of 

Contaminant from Fracture into Porous Rock Matrix with Bordering Alteration Zone. Transport in Porous Media. 81, 2010.187–205. 
19. Fomin S., V. Chugunov and T. Hashida. Mathematical modeling of anomalous diffusion in porous media. Fractional Differential Calcules. 

Volume 1, Number 1. 2011. 1–28. 
20. Fomin S., V. Chugunov and T. Hashida. The effect of non-Fickian diffusion into surrounding rocks on contaminant transport in fractured 

porous aquifer. Proceedings of Royal Society A 461, 2923–2939, 2005. 

21. Xia Y., Wu J. C. Numerical Solutions of Fractional Advection–Dispersion Equations // Journal of Nanjing University (Natural Sciences), 2007. 
43(4):441-446. 

 

http://www.ijarset.com/

