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ABSTRACT: In the paper on the basis of conservation laws suspensions filtration equations with forming a relaxing
cake layer are derived. The equations are numerically solved. To solve the equation for cake layer growth a Stefan’s
problem is posed. The problem is solved with using the method of catching a moving front. On the basis of numerical
results influence of relaxation phenomena on filtration characteristics is established.
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. INTRODUCTION

Filtration of suspensions through porous media is of great practical importance. The regime with formation of
a cake layer on the surface of the filter is of special interest [1,2,3,4,5]. If the dispersion phase of the suspensions
consists of polymer solutions or other highly viscous liquids, the suspension may have non-Newtonian rheological
properties [6]. In particular, the suspensions exhibit relaxation properties. Then they are not considered as viscous, but
viscoelastic liquids. In principle, we can consider filtering models with regard to the rheological models of relaxing
suspensions. However, it is more convenient to use relaxation filtration laws, implying that the relaxation effects in the
filtration laws are a direct consequence of the relaxation properties of the suspension [7,8,9]. Classical Darcy's law
establishes an equilibrium relationship between pressure gradient Vp and filtration velocity v that sometimes leads to

the discrepancy of real end theoretical data. Probably, the non-equilibrium character of the dependences of V on Vp

depends on numerous factors such as rheological non-equilibrium properties of the liquid (in particular, visco-elastic
behaviors), interaction the liquid with matrix of porous media, adsorption of some components of oil on the surface of
the matrix etc. At filtration of polymer solutions in porous media this phenomenon can by explained through filling and
releasing of pores by polymers macromolecules [10]. In these conditions the equilibrium character of the Darcy’s law is
usually violated, it takes relaxing character[11, 12,13,14]).

Many researchers have attempted to generalize the Darcy's law with using different approaches[15,16].
laffaldano et al. [17] proposed a memory model for advection of water in porous media. The proposed model fits well
the flux rate observed in experiments of water flux through sands. Giuseppe et al. [18] modified constitutive equations
by introducing a memory formalism operating on both the pressure gradient — flux and the pressure — density variations.
The memory formalism is represented with fractional order derivatives. Experimental results show that memory effects
lead to the delaying of the flux rate and its asymptotic values will be reached later.

In this paper we attempt to adopt the non-Darcyan filtration theory to derive relaxation equations of
consolidating cake filtration. Principal differences of cake filtration from deep bed filtration are the formation of
moving unknown front — the thickness of cake layer. We are to derive an additional equation to determine this
parameter. As a consequence, we are to spend additional efforts to numerically solve the governing equations. Firstly,
we formulate the problem and then give its numerical solution. On the basis of computing experiments we describe
some results.
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1. FORMULATION OF THE PROBLEM

A schematic diagram depicting cake filtration is shown in Fig. 1.
XA A suspension with a particle size under pressure flows toward a medium. It
is assumed that the suspended particles cannot penetrate into the medium
and are retained on the upstream side of the medium to form a cake. The
suspending fluid passes through the medium as filtrate. The thickness of the
cake L(t) increases with time as filtration proceeds.
Let us suppose, what the filtration velocity of the liquid phase
relative to the pressure gradient has a nonequilibrium nature. The
nonequilibrium relationship is assumed to be in linear differential form

k 0 \op
== {1+n,, — | 2L, 1
a u(“L’”atjax )
where g, - liquid phase velocity, k - permeability coefficient, |, -

filter>
viscosity, p, - pressure in the liquid phase, A, - relaxation time of

filtration velocities, t - time, x - distance away from the medium.
Fig.1. A schematic of cake filtration Since the rates of phase filtration can have different scales of
variation, the relaxation effects can also occur with different characteristic
times. In this problem, we can neglect the relaxation effects of the filtration rate of the solid phase in comparison with
the liquid phase [19,20]. Then from (1) on the basis of conservation laws we obtain the following equation with respect
to the compressive stress of the cake phase p,

0 1-B (i
%:m 1+& i 1+& (1_'_7\';)/2] aps _q[m aps , (2)
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where p, - characteristic pressure, k° - value of k at p, =0, B, & - constants.
The flow rate q,, is balanced by the flow through the filter, so we have:

k 0 \op
=21, — | 2= 3
Ui M( p/atj x|, @)
For a consolidating cake from the continuity equations, it follows [3] M:O, that for a given speed

regime means g, +q, =const. In contrast to the regime with a given pressure, p,+ p, is not constant here, but is a
function of time p, + p, =r(t), which is determined in the process of solving the problem.

Here we consider a problem with a given speed regime g, +q, =v, =const . For this regime, the initial and
boundary conditions for (2) have the following form
k 00
p.(0,x)=0, —[l+7»pf— P
u ot ) ox

where R, - relative resistance of the filtering element.
The equation of thickness growth for the cake layer L(t) has the form

0
%:_08—5 K 1+}\’p[2j apS + K(l—i—;\’p/ﬁ aps
dt € —&, [ M ot)ox || [m ot ) ox

where ¢? - solid content at zero pressure, ¢, - concentration of solid particles in suspension.

_ P
1R

=-v,=const<0, p,(t L(t)=0, 4)

m

x=0 x=0

: ®)

x=0

From equation (5) we can determine a mobile front L(t) - the boundary between the suspension and the cake
layer. This equation is solved together with the basic filtering equation (2) under the conditions (4) and L(0)=0.
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We introduce the following notations

0 1-B D B-5 ko D -3 K0 _s K0
a(m)=(1+—i) ,b(m)=(1+ Sj ,C(m)=——{1+—iJ , c%ps}:——(1+J£J o = Pa
Pa Pa p Pa u Pa o Bu
C, = £
? 82 _850 .
With taking into account these notations equation (2) can be transformed into the following form
op 0 9\ op p
> =calp,)—|b 1+h,,— I 6
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The equation for the mobile boundary L(t), (5), takes the form
dL 0 \op
— == 1+a, — |[— s 7
e[ i, 2)2] o o

where

0 \op
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To solve the problem (6), (7) with (4) and L(O)= 0 we use the finite differences method [21, 22].

1. NUMERICAL SOLUTION OF THE PROBLEM

We introduce a uniform grid by t with the step t ©, = {t [t=t;=j7, j=01...,N, =N :T}, and a non -
uniform grid by coordinate x [21, 22] @, = {x|x=x =x_,+h, h =0, i=12,..,N,N+LN+1..., x, = L} with
the variable steps h; >0.

We are to choose the steps h; from the interval [ x;,X;,,] so, that the mobile boundary moves exactly on one

step along the time grid. This approach is known as the method of catching the front in a grid node. We denote by ps",i+l

the grid function corresponding to p,. We approximate equation (6) by an implicit difference scheme that is nonlinear

with respect to the function pJ;*
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+—""bh(p' — —b(p! P L S
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where
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Equation (7) when m zh after the approximation can be written in the form
T
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Approximation of initial and boundary conditions (4) gives
pli=0,i=01.,N,]j=0,
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The obtained set of equations (8) is nonlinear, so to solve it we use the method of simple iteration
Ch_ - o VR R o
sz,i —¢! e Za(psj,i) b pj(f1) ) psj,i+1_ sz,i—l _'_hb(pj(?l) ) psj,i+l_ psj,i—l _ psj,i+1_ psj,i—l —b(pj(fﬂ ) psj,i - sz,i—l B
T ' h +hi, sz h +h, T S h +h,; h +h,; Sy h;
@ |oR_ S @ e e
A 19 3| Psi ~Psa Psi— Py Pai — Pai
__plb i+ S,i si-l - Msi si-1 | s, s,i-1 11
T (ps,|—1/2) hi hi qu . hi 1 ( )
where
() -8 () B-o (o) (o) (o) (o)
(o) i+l i+ (o‘)‘ (o) jH_ L by JHl_ L+ i _ i
b(psjﬁl/z)zl 1+ Psii1 14 P 1(qggm)(])+1 :CO( psjle Psi — Pso + pr | Psi = Pso _ Ps1— Pso ,
2 Pa Pa hy T hy hy
o is the number of iteration.
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It can be seen that the system of equations (10) is now linear with respectto p ; , which allows us to use the

Tomas’s algorithm [21]. As a condition to stop iteration procedure on this time layer, the following relationship can be
used:

(s+1) (s)
j+1 j+1
max| ps;*— Psi | <€, (12)

where ¢ is the given accuracy of calculations.

o ] o (s+1)J+L ) o (s=0) )
When condition (10) is satisfied then p ., = p!i*. As an initial approach we can use plit=pli.

S,
Equation (11) leads to the system of linear equations
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The equation (9) is used to determine the step hj,; and it can be written in the form
(s = (@ i iy + 7, c(ps,w{ pIt - plit + 72 (pdi — pi — pli+ p;,il)j =0. (14)
T

By solving this nonlinear equation for each temporal layer we can determine h,_, .
The system of linear algebraic equations (13) is solved by the Tomas’ algorithm

e o
Poi =& Poiat G (15)
(0 R
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The starting values of the coefficients g, and ¢, are determined from the boundary condition (10), which have

the form
(pLo)~* (plo— pLiJve

g=1, G =g - (16)

V. RESULTS

Numerical results with using (14), (15) were obtained with the following values initial parameters: v, =10
m/s, p,=10'Pa, R, =1021/m, u=10'Pa-s, k® =0.8-10™ m? ¢! =0.20, &, =0,0076, $=0.13, 5=057.

Some results are graphically shown below. The growth of the cake thickness for different values of the
relaxation time A, is shown in Fig.2. As one can see the increasing of relaxation time %, leads to the faster growth of

the cake thickness at all other constant conditions. Fig.3 shows the compression pressure profiles for different
relaxation times for several fixed time values. On the graphs one can see the decrease in the values of the compression
pressure with an increase in the values of the relaxation time. This decrease for large values of time becomes
insignificant, which can be explained by the weakening of the influence of pressure relaxation. Thus, at t = 450sec.
(Fig. 3a), the difference in the compression pressure profiles is significant, and for t =1800sec. (Fig. 3c) the
difference is already negligible.

With time the amount of the compression pressure at all points of the cake-layer increases. In particular, one
can observe a significant increase in the point x =0 for the case of », =0 from 0.4-10° Paat t=0 to 0.85-10° at
t =1800sec. With allowance for the relaxation of the pressure gradient, these values are lower than for the case
A, = 0. For large times this difference disappears, which is explained by the weakening of the influence of relaxation
effects. With increasing time, i.e. with increasing thickness of the sediment, the distribution of the profiles also widens.
Note that the graphs in Fig.3 have exact ends in the coordinate x, which coincides with the thickness of the cake layer.

Similar graphs for the liquid pressure are shown in Fig.4. The phenomena noted above with respect to the
influence of the relaxation parameter are also preserved for p,. The liquid pressure rises from the point x =0 along

the thickness of the cake layer. In addition, it assumes that at the point x =0 the pressure p, has a constant value in
accordance with the second boundary condition in (4), i.e. p/| » = MRV, Thus, at the point x =0the sum of the

X=l

pressure p, + p, has an increasing dynamics due to growth of p_, while at the same time p, has a constant value.
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Fig.2. Dynamics of the cake thickness at A, =0 (1); 150 (2); 350 (3) c.
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Fig 3. Profiles the compression pressure through thickness of the cake at A, =0 (1); 150 (2); 350 (3) s,
t=450 (a); 900 (b); 1800 (c) s.

Copyright to IJARSET www.ijarset.com 5108


http://www.ijarset.com/

ISSN: 2350-0328

International Journal of Advanced Research in Science,
Engineering and Technology

1.45 -
1.4 ~
1.35 -
1.3 A
1.25
1.2 ~
1.15 A
1.1 ~
1.05 -

10° - p,,Pa

Vol. 5, Issue 1, January 2018

X, m

0

0.01

10°-p,,Pa

1.7

16 A

15 4

14 -

1.3 A

12 4

11 -

0.02

0.03

0.04 0.05 0.06 0.07

0.02

10°-p,,Pa

1.9 -
1.8
1.7 1
1.6 A
15 -
1.4 -
1.3 1
1.2
1.1 -

0.04

0.06 0.08

X, m

0.05

01

0.15 0.2 0.25

Fig. 4. Profiles of p, through thickness of the cake at A, =0 (1); 150 (2); 350 (3) s, t =450 (a); 900 (b);

1800 (c) s.
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V. CONCLUSION

On the basis of obtained results it can be concluded that the relaxation nature of the flow significantly alters

both the growth of the cake thickness and its filtration characteristics. In particular, relaxation phenomena in filtration
laws lead to the decreasing of compression pressure and liquid phase pressure distributions. At the developed time
stage, when current times are considerably large then characteristic relaxation time the influence of relaxation
phenomena run out.

[14]
[15]
[16.]
[171]
[18]
[19.]
[20]

[21]
[22]

REFERENCES

Dytnersky Yu.l. Processes and instruments of chemical technology. Part 1. Theoretical bases of processes of chemical technology.
Hydromechanical and thermal processes and devices. Moscow: Chemistry, 1995. - 400 p.

Atsumi K. and Akiyama T. A study of cake filtration. Formulation as a Stefan problem // J. Chem. Eng. Japan. 1975. Vol. 8, No. 6. Pp. 487-
492.

Tien C. Principles of filtration. Elsevier, The Netherlands. 2012.

Tien, C, S. K. Teoh and R. B. H. Tan. Cake Filtration Analysis - the Effect of the Relationship between the Pore Liquid Pressure and the Cake
Compressive Stress. Chemical Engineering Science, 18, No. 56, pp. 5361-5369, 2001.

Stamatakis K., Tien C. Cake formation and growth in cake filtration. Chemical Engineering Science, 46, pp.1917-1933, 1991.

Bibik E.E. Rheology of disperse systems. L.: Izd-vo LGU. 1981. - 172 p..

Molokovich Yu.M. On the theory of linear filtration with accounting of relaxation effects, Izv. Universities. Mathematics. 1977, Ne5. pp. 66-73.
(in Russian).

Khuzhayorov B.Kh. Filtration of non - homogeneous liquids in porous media. Tashkent. "FAN" Publisher. 2012. - 280 p. (Monograph).
Khuzhayorov B.Kh., Makhmudov Zh.M. Mathematical models of the filtration of non - homogeneous liquids in porous media. "FAN"
Publisher, Tashkent 2014. - 280 p. (Monograph).

Barenblatt et al. Theory of Fluid Through Natural Rocks. Kluwer Academic Natural Publisher. Dordrecht/Boston/London, 1990.

Ametov, .M. et al., Reservoirs engineering with heavy high-viscous oil, Nedra Publisher, Moscow, 1985.

Molocovich, Yu.M., Neprimerov, N.N., Pikuza, V.I., Shtanin, A.V., Relaxing filtration, KGU, Kazan, 1980.

Molocovich, Yu.M. and Osipov, P.P., Fundamentals of relaxing filtration theory, KGU, Kazan, 1987.

Ogibalov, P.M. and Mirzadzhanzadeh, A.Kh., Mechanics of Physical Processes, MGU, Moscow, 1976.

Cushman, J.H., The Physics of Fluids in Hierarchical Porous Media: Angstroms to Miles. Kluwer Academic Press, Dordrecht., 1997.

Neuman, S., Eulerian-Langrangian theory of transport in space-time nonstationary velocity-fields-exact nonlocal formalism by conditional
moments and weak approximation, Water Resour. Res., 29(3), pp. 633-645, 1993.

laffaldano, G., Caputo, M., Martino, S., Experimental and theoretical memory diffusion of water in sand, Hydrol. Earth Syst. Sci., 10, pp. 93—
100, 2006.

Giuseppe, E., Moroni, M., Caputo, M., Flux in Porous Media with Memory: Models and Experiments. Transport in Porous Media, 83(3), pp.
479-500, 2010.

Khuzhayorov B.Kh., Bobokulov Y.O., Khudoyorov Sh.zZh. Relaxation filtration of homogeneous liquids in fractured-porous media // Inzh.-
fiz.zhurnal. 2001. Vol. 74, Ne5. Pp. 17-23. (in Russian).

Khuzhayorov B.Kh., Saydullaev U.Zh., Makhmudov Zh.M. Suspensions filtering equtions with forming a relaxing cake layer// Uzbek Journal
"Problems of Mechanics",2014, No. 3-4, P. 69-72. (in Russian).

Samarskiy A.A. and Vabishchevich P.N., Computational Heat Transfer, Editorial URSS, Moscow, 2003, p. 784.

Caldwell J., Kwan Y.Y. Numerical methods for one-dimensional Stefan problems. Communications in Numerical Methods in Engineering,
2004; 20: 535-545.

Copyright to IJARSET www.ijarset.com 5110


http://www.ijarset.com/

