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ABSTRACT: In this paper, recurrence relations for single and product moments of generalized order statistics from
Kumaraswami power function distribution have been obtained. These relations are incorporated as a particular case of

recurrence relations for order statistics and k™ records. Further, characterization result for this distribution has been
obtained from recurrence relations of single moments of generalized order statistics.
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I. INTRODUCTION

The concept of generalized order statistics (gos) was given by Kamps (1995), which is given as below:

Let X, X,,...,X, be a sequence of independent and identically distributed (iid) random variables (rv) with

absolutely continuous distribution function (df) F (x)and probability density function (pdf) f (x), x e («, f).
n-1

Let neN, k>0, m =(m,m,,...m_)exR"* M, = ij , 1<r<n-1, be the parameters such that
j=r

v, =k+n—r+M,>0 , for all re{l,2,....,n=1} . Then X(,n,m,k),X(2,n,mk),..., X(r,n,mk) ,

r=1,2,...,n are called gos if their joint pdf is given by

Fx @ n, k), x (k) (X X2, Xp)

n1 )(n-1
=k [17] (H[ﬁ(xi)lmi f(xi)J[lf(Xn)]k_lf(Xn) (11)
[ER N

on the cone F(0+) < % <. <X, < F™(1) of R" where E(x)=1-F(x) denotes the survival function

Choosing the parameters appropriately, models such as ordinary order statistics (m =0k=Lliey, =n—i +l), k™ record
values(m=-Lk e N,ie.y; =k), sequential order statistics [)/i =(n=i+1)B: 8. B B > 0] , order statistics with
non-integral sample size [74 =(B-i+1);8> 0] , Pfeifer record values [yi =665 P> 0] and progressive type
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I censored order statistics (m eN,ke N)can be obtained as particular cases of gos. For simplicity we have assumed
thatm =m, =---=m_, =m.
The pdf of r —th gos is given by Kamps (1995)

Femmi (X) =C;1)!(F<x>)“ g (F(x) f(x), e<x<p (1.2)

(r-1

And the joint pdf of X (r,n,m,k) and X (s,n,M,k), 1<r<s<nisgiven by

frnmi.x s mk (xy)= W(F (X))m n (F (X))

s—r-1

x[h, (F(y))=h, (F (x))]“'l (E(y))“l f(x)f(y), a<xs<

(1.3)
where
,
Cra=]In" 7 =k+(n—i)(m+1),
i=1
_ 1 @-x)™, m=-1
h,(X)=< m+1
—In(1-x), m=-1
and

9n (X) =, (x) =, (0), x<(0.)

Recurrence relations are quite useful in computing the moments.The result given in present paper can be used to
compute the moments of ordered random variables if the parent population follows Kumaraswami power function
distribution. Several authors derived the recurrence relations for gos for different distributions. See, Kamps and Gather
(1997), Ahsanullah (2000), Ahmad and Fawzy (2003), Al-Hussaini et al.(2005), Ahmad (2007), Khan et al. (2007),
Kumar (2011), Kumar and Khan (2013), Khan et al.(2015a, 2015b), Khan and Khan (2016).

A random variable X is said to be Kumaraswami-Power function distribution (Kw-PFD) Abdul Moniem (2017) with
the following probability density function pdf

abo ( x\" T
f(x):—(—j 1—(—) ; 3,b,0>00<x<2 1.4
A4 A
and its distribution function df is given by
X af
F(X):l{l_(Zj } ; a,b,60>0,0<x< 2 (1.5

the corresponding survival function (SF) are
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E(x):{1-(§ja} ca,b,0>0,0<x< A (1.6)
In view of (1.4) and (1.6), we get
1 ad ,1-a0
F(x)zﬂ[l X —x]f(x) 1.7

Relation (1.7) is used to obtain the recurrence relations for moments of generalized order statistics.

The Kumaraswami Power function distribution was introduced by Abdul-Moniem (2017), adding the new shape and
scale parameters (Abdul-Moniem (2017)).Which is the generalization of Kumaraswami distribution. The
Kumaraswami power function distribution reduces to Kumaraswami distribution for A =1 and &=1 The
Kumaraswami distribution was appreciated for its use in hydrological phenomena and for other purposes. For more
detail and its application see Kumaraswami (1980), Sundar and Subbiah (1989), Fletcher and Ponnambalam (1996),
Seifiet al. (2000), Ganjiet al.(2006), Courard-Hauri (2007) and Sanchez et al.(2007).

This paper is organized in four sections. In section 2, we have produced recurrence relation for single moments of gos
for Kw-PFD. In section 3, we have deduced the recurrence relation for product moments of gos from Kw-PFD. In

section 4, the characterization result based on the recurrence relation for single moments of gos for Kw-PFD is deduced.

I1. Recurrence relation for single moments for Kw-PFD from gos

In this section, recurrence relation for single moments of Kw-PFD from gos has been obtained. Further, the particular
cases of recurrence relation for single moments of order statistics and record values are deduced from gos.

Theorem 2.1: Let X be a non-negative continuous random variable and follows Kumaraswami power function
distribution in (1.4). Suppose that j>0 and 1<r <n
E[Xj(r,n,m,k)J—E[Xj(r—l,n,m,k)]

_ Mag j-a0 j i
_WE[X (r,n,m,k)}—yrabe[x (r,n,m,k)} (2.1)

Proof: From (1.2), we have

E[Xj(r,n,m,k)]:

x4 [E(x)]yril g [F ()] (x)dx

=

| 'I*O
Nl L
ot—x

71

Integrating above integral treating [E(x)} f (x)as integrand and rest part for differentiation, we have

ME! [E(X)T’ on'[F (x)]dx+—cr‘1 I ij [E(X)}m_l g, *[F (x)]f (x)ax

er—l
7 (r—l)!

E[xj(r,n,m,k)}: (-2

O —_—

which implies that

E[Xj(r,n,m,k)]_g[xj(r_l,n,m,k)]:ﬁjxi—lﬁ(x)}” o[ F (x) ]dx

Now in view of (1.7), we get

E[Xi(r,n,m,k)]—E[Xj(r—l,n,m,k)]
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e ] e o]

g | FO] o TR (] (o

0

and hence the result.

Remark 2.1: Setting m=0 and k =1 in Theorem (2.1), we get the recurrence relation for single moments of order
statistics of Kw-PFD as

. - iqa0 - i .
E|:er:nj|_ E[ngn}:mE[xr{n]_m[xr{n}

Remark 2.2: Setting m=-1 and k >1 in Theorem (2.1), we get the recurrence relation for single moments of upper
k™ record of Kw-PFD as
E[ X (rn-1k)|-E[ ] (r-1n,-1k)]
jlae

= oK E[Xj*aa(r,n,—l,k)}—abjgk E[Xj(r,n,—l,k)]

Remark 2.3: Setting A=1 and =1 in (2.1) we get recurrence relation for single moments of gos from
Kumaraswami distribution.

I11. Recurrence relation for product moment of gos from Kw-PFD

In this section, the recurrence relation for product moment of gos from Kw-PFD has been obtained. Further, the
recurrence relations for product moments of order statistics and record values are obtained as particular case of gos.

Theorem 3.1: Let X be a non-negative continuous random variable and follows Kw-PFD in (1.4). Suppose that
i,j>0 and 1<r <s<n the following recurrence relation is satisfied.
E[Xi (r,n,m,k)Xj(s,n,m,k)]—E[Xi (r,n,m,k)Xj‘l(s—l,n,m,k)]

_ja i j—a0 ] i i
= abdr, E[X (r,n,m,k)X (s,n,m,k)} b0y, E[X (r,n,mk)X (s,n,m,k)} (3.1)

Proof: From (1.3), we have

E[Xi (r,n,m,k)xj(s,n,m,k)]

=mjx‘[F(x)} f(x)grﬁ{l[F(x)]I(x)dx (3.2)
where
1= [[h (FO) - (FOO) T [FOT™ f(y)ay (33)

Solving the integral 1(x) by parts and substituting the resulting expression in (3.2), we get

e[ (rnm k)X (snmk) |- €[ X' (rnm k) X 7 (s-Lnmk)]
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In view of (1.7), we obtain

il PO T e P

0

><[hm (F(y))-ha(F (x))]s_r_l {Ilg[/iagxlag - x} f (x)} dydx

and hence the theorem.

Remark 3.1: Setting m=0 and k =1 in Theorem (3.1), we get the recurrence relation for product moments of order
statistics of Kw-PFD as

E[Xi:nxsj:n]_E[x X oy :I

s—1n
jﬂ’ae i j—ad J i j
= E[ X X5 - ———E| X X]
ab@(n—s+1) |: rin’‘sin :| ab¢9(n—5+1) |: rn s.n:|

Remark 3.2: Setting m=-1 and k >1 in Theorem (3.1), we get the recurrence relation for product moments of upper
k™ record of Kw-PFD as

(X! (01X s k) J-E[ X! (1K) X 5201k
B jﬂae
~ abok

Remark 3.3: Setting A=1 and #=1in (3.1) we get recurrence relation for product moments of gos from
Kumaraswami distribution.

E[ X' (r,n,~1k) X7 (s,n,-1,k) |- abj;9k E[ X' (r,n,-1k) X (s,n,-1k)]

IV. Characterization of Kw-PFD

In this section we have discussed the characterization of Kw-PFD. Characterization of probability distribution plays an
important role in probability and statistical science. Before applied a particular model on real world data it is necessary
to check that given continuous probability distribution satisfied the underlying assumptions. In this section, we have
obtained a characterization result of Kw-PFD based on recurrence relation of single moments from gos.

Theorem 4.1: The necessary and sufficient condition for a random variable X to be satisfied with pdf given in (1.4)
for m>—1 is that

;j;:r E[X"a"(r,n,m,k)]—abJ r E[Xj(r,n,m,k)]
= E[Xj(r,n,m,k)J—E[Xj(r—l,n,m,k)] (4.1)
If and only if
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F(x)= Ile[/la”xl’” — x] f(x)

Proof: The necessary part follows immediately from (4.1) on the other hand if recurrence relation (4.1) is satisfied,
then

jﬂagE[X J"E"g(r,n,m,k)]— j/lagE[X J (r,n,m,k)}
= yrabeE[X ] (r,n,m,k)]—;/,abHE[X ] (r—l,n,m,k)}
)

y,abo Cf-i [ (FOO) o (F ()¢ (x)dx_% [ (F O] 0 (F (x)) 1 (x)ax

(r-1)! 7 (r=1)! .

U T 0. (F(x) (r-D(F()"
=y,abf—"L— | xJ (F 2 (F(x)) f a - d
Vra (r—l)!-([x( (X)) Om ( (X)) (X) (F(X)) 7 X
Let
F(x)) ot (F
h(X):_( (x)) im (F(x)) w2
Differentiating both sides of (4.2), we get
S 9n (F () (r-D(F()"
N (x)=(F(x))" 952 (F(x)) f AR
() =(FOI)" o (FO0) 100 =55 ”
Now
Y
jﬂa‘gE[X J“”‘6'(r,n,m,k)]— jE[X j“e‘g(r—l,n,m,k)] = y,abe(:’_‘i)!l‘xjh'(x)dx (4.3)
Integrating RHS in (4.3) by parts and using the value of h(X) from (4.2), we have
which reduces to
Cia t i1(e 71 r—1 ad 1-ad E(X)
(r—l)!-([x (F(x)) gn - (F (X)) f (%) 2*x —x—abef(x) dx =0 (4.4)

Now applying generalization of Miintz-Szasz Theorem Hwang and Lin (1984) to (4.4), which state that on a space
L(a,b) of summable function defined on (a,b), a sequence of functions f,(x) is complete on (a,b) if for any

g € L(a,b) the equalities

f,(x)g(x)dx=0, n=1,2,3,...

D — T

implies that g(x)=0 on (a,b), then we get
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A30x1-80 _y abo9m =0

t(x)

ab¢9M = 230x30 _y

f(x)
abH(E(x)) = [ﬂagxl‘ag - X:| f(x)

F(x)= Ilg[ﬁaexl‘ag - X:| f(x)

This proves that f (x) has the form as in (1.4).
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