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ABSTRACT: The purpose of the present paper is to introduce and investigate two new subclasses of bi-univalent
function of complex order defined in the open unit disk, which are associated with Srivastava-Attiya operator and
satisfying subordinate conditions. Furthermore, we find estimates on the Taylor-Maclaurin coefficients |a,| and |a;|
for functions in the new subclasses. Several (known or new) consequences of the results are also pointed out.
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ILINTRODUCTION

Let A denote the class of functions of the form:

(z)—z+§: €Y

which are analytic in the open unit disk U = {z: |z]| < 1} and normallzed by the conditions £(0) = 0 and f (0) = 1.
Further, let § denote the class of all functions in A4 which are univalent in U. Some of the important and well-
investigated subclasses of the class § include (for example) the class $*(a) (0 < a < 1) of starlike functions of order
a in U and the class X (a) (0 < a < 1) of convex functions of order a in U.

The Koebe One-Quarter Theorem [5] states that the image of U under every function f from S contains a disk of radius
1/4. Thus every such univalent function has an inverse £~ which satisfies

FH@) =2 Gead fGw)=w (Wl <n () =)
where

ffw) = gw) =w — a;w? + (2a3 — a;)w? — (5a3 — 5aya; + a))w? + -, @)
A function f € Ais said tobebi-univalent in U if both f and £~ are univalent in U. We denote by X the class

of all bi-univalent functions in U given by the Taylor-Maclaurin series expansion (1).
If f and g are analytic functions in U, we say that f is subordinate to g, written f(z) < g(z) if there exists a Schwarz
function w, which (by definition) is analytic in U with w(0) = 0 and |w(z)| < 1 for all z € U, such that f(z) =
(w(z)) z € U. Ma and Minda [11] unified various subclasses of starlike and convex functions for which either of the

f(Z) zf (2)
orn 1
(or) +f()

an analytlc functlon ¢ with positive real part in the open unit disk U, ¢(0) = 1,¢ (0) > 0, and ¢» maps U onto a region
starlike with respect to 1 and symmetric with respect to the real axis. The class of Ma-Minda starlike functions consists

o (? < ¢(z).Similary, the class of Ma-Minda convex functions of

;((Z) < ¢(z). A function f is bi- starlike of Ma-Minda type or bi-

convex of Ma-Minda type if both f and £~ are respectively Ma-Minda starlike or convex. These classes are denoted
respectively by S5 (¢) and Is (¢). In the sequel, it is assumed that ¢ is an analytic function with positive real part in

quantlty issubordinate to a more general superordinate function. For this purpose, they considered

of functions f € A satisfying the subordination

functions f € Asatisfying the subordination 1 +
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the unit disk U, satisfying ¢(0) = 1, ¢ (0) > 0, and ¢(U) is symmetric with respect to the real axis. Such a function
has a series expansion of the form

¢(z) =1+ Byz+ Byz> + B3z3 +---, (B; > 0). 3
For two function f(z) € A given by (1) and g(z) € A given by g(z) = z+ Y, b,z", the Hadamard product (or
convolution) of f and g is defined by

(f*g)(Z)—Z+Zanb 7' = (g ). @

TheSrivastava-Attiya convolution operator [14], J; f (z) is defined in terms of the Hurwitz-Lerch Zeta function
D(z,s,a) as follows:

®d(z,s,a) = Z T a)F )

(a € C\Zy;s € Cwhen|z| < 1;Re (s) > 1and |z| = 1)
where Zg = Z\N, (Z = {0,+1,42,..}; N={1,2,3,..}).

Properties of the Hurwitz—Lerch Zeta function ®(z, s, a) can be found in the works of Choi and Srivastava [3],
Luo and Srivastava [10], Gary et al. [7]. Srivastava and Attiya [14] have introduced the linear operator J;: A — A
defined by the Hadamard product as follows:

Jif(@2) =G, xf(2)(z€U; b € C\Zy;s €C; f € A), (6)

where G, ,(z) = (1 + b)°[®(z,5,b) — b~*](z € U).
Using equations (1), (5) and (6), we haved; f(z) = z + Yo_, I,a,,z" , where

1+ b\*
- (n - b) (s €CbEC\0,-1,-2,..}. %)
For f(z) € A and z € U, Srivastava and Attiya in [14] showed that
BEGD) = F@, 04 @) = @dt - Af@),

0
OOt =) f@0 > =D, FHF@D =2+ Z( ) a2 =17 f @@ > 0),

where Af(z) and ]y f (z) are the integral operators introduced by Alexander [1] and Bernardi [2], respectively, and
19 f(z) is the Jung-Kim-Srivastava integral operator [8] closely related to some multiplier transformation studied by
Flett [6].
Recently, a study on bi-univalent function class X has increased. A number of articles discussing on non-sharp
coefficient estimates for the first two coefficient|a,| and |as| of (1). But the coefficient problem for each of the
following Taylor- Maclaurin coefficients:

la,] (meN\{12}; N={1,23,..}
is still an open problem (see [15]). Many researchers (see [4,9,12,13,15]) have recently introduced and investigated
several interesting subclasses of the bi-univalent function class X and they have found non-sharp estimates on the first
two Taylor-Maclaurin coefficients |a,| and |az]|.
Motivated by the earlier work of Deniz [4], in the present paper, we introduce two new subclasses of the function class
2 of complex order T € C\{0}, involving Srivastava-Attiya operator and find estimates on the coefficients |a,| and
|as| for functions in the new subclasses of function class 2. Several related classes are also considered, and connections
to earlier known results are made.
Definition 1. A function f € X given by (1) is said to be in the class H3” (z, A; ¢) if the following conditions are
satisfied:

z
+V

1
If(@) =

1 (222G @) + A -03r@)|
+= , -1]< ¢ ©)
12(35f @) + (1= DIf @)

)

and
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, 9
w(J5gw)) + (1 = DIsgw)
where 7 € C\{0}; 0 < 1 < 1;z,w € U and the function g is given by (2).
Specializing the parameters b, s and A suitably, several known and new subclasses can be obtained from the
class :7-[5'1’ (t, 4; ). We present some of the subclasses of Hg‘b (t, 4; @), as given below:
Example 1. For A = 0 and t € C\{0}, a function f € X, given by (1) is said to be in the class Sg'b (t; ¢) if the
following conditions are satisfied:
1(2(3f@)
t\ Jhf(2)
where the function g is given by (2).
Example 2. For 2 =1 and 7 € C\{0}, a function f € X, given by (1) is said to be in the class 3(5‘1’(1; ¢) if the
following conditions are satisfied:

T

+1<W[AW(J§Q(W)), +(1- A)Jﬁg(w)] - 1) < p(w),

- 1 (w(asg(w))' B

1) < ¢(z2)(z € U)and 1 +; Jsgw) 1) <pw)(w e ),

141 2(J3f @) <p(2)(z€U) and e widign) <pw)(w € U),
\ (g7 @) *\ (F9w)

where the function g is given by (2).
In particular, for s = 0, we note that J; f(z) = f(z) for all f € A, and thus, the class .‘}[;'b (t; 4; @) reduces to the
following subclasses:
Example 3. For s = 0, a function f € X, given by (1) is said to be in the class H;(t, 4; ¢) if the following conditions
are satisfied:
1 (Z[/lz f@+0A-Df@D] ) 1 (W[Awg'(W) + (1= Dgw)]
- ; —1)<¢(z) and 1+- 7
T\ zf @+A-1Df(2) T\ Awgw)+ (1 -Dgw)
where 7 € C\{0}; 0 < 1 < 1;z,w € U and the function g is given by (2).
Example 4. Fors = 0 and A = 0, a function f € X, given by (1) is said to be in the class S5 (z; ¢) if the following
conditions are satisfied:
1 (zf’(z)
T\ f(2)
where T € C\{0}and the function g is given by (2).
Example 5. Fors = 0and A1 =1, a function f € X, given by (1) is said to be in the class X (t; ¢) if the following
conditions are satisfied:
1(zf" (2)
T( 0 ) <Pz el) and
where 7 € C\{0}and the function g is given by (2).
Definition 2. A function f € X, given by (1) is said to be in the class N’ (z, 4;¢) if the following conditions are
satisfied:

- 1> < o),

1) <¢p)(z€U)and 1+ l(

T

wg (W)

W— 1) < (l)(W)(W € U),

.1 <wg" (w)
T

7 W) ) <pw)(w e ),

LA @) 2 2@ @) | (10)
" a-nz+ /12(35 f (Z))
and
L Lw(Baw) +w'(@Fgw) | Sw), (11)
Tl a-w+aw(giew))

where 7 € C\{0}; 0 < 1 < 1;z,w € U and the function g is given by (2).
On specializing the parameters b, s and A suitably, several known and new subclasses can be obtained from the class
]\I;'b (1, 4; ¢). We present some of the subclasses of N;'b (t,4; @), as given below:

Example 6. For A = 0, a function f € X, given by (1) is said to be in the class g;'b (t; ¢) if the following conditions are
satisfied:
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1 , " 1 : "

1+-|(3f @) +2(3if (@) 1] < $@D( € Vand 1+ [(F5gWw)) +w(Figw) —1] < pw)(w € V),
where 7 € C\{0} and the function g is given by (2).
Remark 1. We note that by taking 4 =1, the class N;"’ (z,4; ¢) reduce to the class Kf'b (z; ¢) which given in
example (2).
Example 7. For s = 0, a function f € X, given by (1) is said to be in the class Nz (t, 1; ¢) if the following conditions
are satisfied:

1[wg w) +wig (w) L

1 [ zf (2) + 2%f" (2) < bw)

14— ; -1 1+- ; -
+T A-Dz+2zf (2) ]<¢(Z) and +‘L’ A-Dw+iwg (w)
where T € C\{0}; 0 < 1 < 1;z,w € U and the function g is given by (2).

Example 8. If s = 0and A = 0, a function f € X, given by (1) is said to be in the class G5 (t; ¢) if the following

conditions are satisfied:

1, p 1, "
1+ ;(f @) +zf (2)—1)<¢pE)(zeU)and 1 +;(g wW)+wg (w)—1) < p(w)(w e U),
where 7 € C\{0}and the function g is given by (2).
Remark 2. We note that by taking s = 0 and A = 1, the class J\f;"’ (z, 4; ¢) reduce to the class Xz (t; ¢) which given
in example (5).
In order to derive our main results, we have to recall here the following lemma[5].
Lemma 1. If h € P, then |b, | < 2 for each k € N, where P is the family of all functions h, analytic in U, for which
Re(h(z)) >0 (z€ U)whereh(z) =1+ bz +byz* +++ (z€U)

Il. COEFFICIENT ESTIMATES FOR THE FUNCTIONCLASS #3” (7, 2; )ANDN S (7, 2; )

Theorem 1. Let the function f(z) given by (1) be in the class Hg'b (T, 4; ¢). Then

|T|31\/B_1

< 12
el = VI + )2[(B; — By) — tBZ]I? + 2t(1 + 2A) B[ | (12)
and
| < ||*B} |z|B, (13)
B0+ T 2a+20n
Proof. It follows from (8) and (9) that )
Az(J; +(-DJs
+% Z[ i bf(Z))' ( : bf(Z)] -1 ] =¢(ul@) (14)
12(35f (@) + (1= DIf(2)
and ,
1 [ wliw(TygWw)) + (1 = DIy gw)
- [ (9 ) ’ ] -1 =¢(vw)). (15)

T\ aw(gsgw)) + (1= I5gw)
Define the function p(z) and q(z) by
1+u(z) 1+ v(2)
p(z) = T—u@ 1+pz+pz+ - and q(z) = T—v@
or equivalently,

-1 1 2 -1 1 2
B s -B) i o) -]

Then p(2) and q(2) are analytic in U with p(0) = 1 = q(0). Since u, v: U — U, the functions p(z) and q(z) have a
positive real partin U, and |p;| < 2 and |q;| < 2 for each i.

Since p(z) and q(z) in P, we have the following forms:
2

1 1 1 2 1
p(u@) = ¢ (E [P1Z + <P2 —%) z* + D = 5312912 + [531 (Pz - %) + ZBZ] 2%+ (16)

=1+qz+qz+ -,

and
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1 ai 1 1 pi
p(vw)) = ¢ (E [‘hW + (QZ - 7) w? + D = EB1CI1W + [531 (Pz 5tz
Now, equating the coefficients in (14) and (15), we get
1 1
;(1 + Dha, = EBlpl’ 2
1 1 1
—[2(0 + 2D Gas — (1 + D?Liaj] = 5B (Pz - p_1> + - B,pi,
T 2 2 4
1 1
_;(1 + Dha, = EBl‘h
and
1 1 2 1
—[200+ 2D 26} - a3) - (1 + D*Iaj] = 5By (fh - %) + 3 B24i
From (18) and (20), we find that
@ = B1p1 _ —1B1qy
2720+ 0L 20+ 0L
which implies
P1 =~
and
8(1+ M)?*Iaj = v*B (i + qf)
Adding (19) and (21), by using (22) and (23), we obtain
4((1 + D?[(By — B,) — tBY I} + 2t(1 + 2)Bi [3)a3 = B} (p; + q2).
Thus,
a2 = B3 (p, + 42)
27 4((1 + A)2[(By — By) — tBEIL? + 2t(1 + 2)BIL)
Applying Lemma (1) for the coefficients p, and g, we immediately have
2 |zI*B}
la,|* < 2 212 Tk
|1+ D?[(By = By) = tB{ ]I, + 2t(1 + 2B T3]
Hence,
la,| < |T|31\/B_1
" JIG + DB, - B,) — tBIIF + 21(1 + 20)BLT3]
This gives the bound on |a,| as asserted in (12).
Next, in order to find the bound on |a;|, by subtracting (21) from (19), we get
4 2 Bl (BZ - Bl) 2 2
—(1+20) (a3~ ) I3 = 5 (2 — @)+ (i —aD).
It follows from (22), (23) and (29) that
o = ©*Bf (pf +qf)  B1(P2 — q2)
3T 8+ 81+ 2D
Applying Lemma (1) once again for the coefficients p, and gq,, we readily get
|z|*Bf |7|B;
|a3| < 272 .
A+ 1%L 2(1+ 200G
This completes the proof of Theorem (1).
By putting 4 = 0 in Theorem (1), we have the following corollary.
Corollary 1. Let the function f(z) given by (1) be in the class S5 (z; ¢). Then
7|B/B 7|?Bf |7|B
| < |z|B1\/By andlay| < |7l 5 +| I L
VII(B: — B;) — tBf1I + 21B] T3] L2k

By putting 4 = 1 in Theorem (1), we have the following corollary.
Corollary 2. Let the function f(z) given by (1) be in the class JCES'b (7; ¢). Then
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LEAVEN andla,| < ZPBE | 17l
JI4l(B, - B,) — BAL + 6B A 6L
Taking s = 0, we have I, = 1 (n = 2) in Theorem (1), and we can state the coefficient estimates for the functions in
the subclass Hs (z, 4; ¢).
Corollary 3. Let the function f(z) given by (1) be in the class Hx(z,1; ¢).Then

lay| <

o] < |7|B1/B; ndlas] < 2B} |z|B;
O+ 0GB+t 2a—B T @n? 2+ 20

Taking A = 1 in Corollary 3, we get the following corollary
Corollary 4. Let the function f (z) given by (1) be in the class s (t; ¢).Then

7|B+/B 7|2 B2 7|B
2] < |2|By/B; andlaglgll £, 1B
V14(B; — By) + 2tB?| 4 6

Remark 3. Putting A = 0 in Corollary (3), we obtain the corresponding result given by Murugusundaramoorthy et al.
[12].
Theorem 2. Let the function f(z) given by (1) be in the class V" b(z,2; ¢).Then

|7|B,/B;

la,| (30)
= JIATeGE — 2087 + @ — 2 (B; — B)II3 + 33 = MBI,
and
laa| < |zI?B? + |7|1By 31
BI=4e -0 36 - (D)
Proof. We can write the argument inequalities in (10) and (11) equivalently as follows:
1 s ' + 2 s "
14X 2(Jif (@) +z (be(z)) “ 1] = o (u(@) (32)
T\ =Dz +22(5f (@)
and
1 S ' + 2 N "
™ a-Hw+ AW(Jgg(W))
and proceeding as in the proof of Theorem (1), from (32) and (33), we can arrive the following relations
2 1
p 2 -MDha, = §B1P1' (34)
1 1
;[4(/12 —20)L2a2 +3(83 - Dhas] = 3 <p2 pl) + = B,p?, (35)
-2 1
T(Z —Nha, = 531% (36)
and
1. 1 a?\ 1_ ,
;[4(/1 — 20 a3 + 33 - D245 — a3)] = —31 -t ZBzﬁh- (37)
From (34) and (36), we find that
_ Tty —1Biqy
2T a2 -L T 12 -0 (38)
which implies
P1 = —q1, (39)
and
32(2 - M)l a; = v*B (pf + qf). (40)
Adding (35) and (37), by using (38) and (39), we obtain
4(4[r(X? — 2B} + (2 — V* (B, — B)IIY + 313 — VBi[3)a3 = t*Bi (v, + q2)- (41
Thus,
ZB3 +
2 _ 7°Bi (p; + q2) (42)

“ T 4@RGE — 2DBE + 2~ D2(By — BHIY + 313 — DB
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Applying Lemma (1) for the coefficients p, and g,, we immediately have

|z|?B}
2 < . 43
192" = Gz =287 + G = D2(B, — BV + 3:G - DB 9
Hence,
o] < |21B1y/By (44)
= I8 — 2B + 2 - D2(B, - BOIIZ + 313 — DB
This gives the bound on |a,| as asserted in (30).
Next, in order to find the bound on |as|, by subtracting (37) from (35), we get
6(3—1) 6(3—-4) B (B, — By)
fyay ————Ta5 = — (2 = @) +——— @} — a}). (45)

T
It follows from (38), (39) and (45) that
o = 2Bf (pf + qf) LBz —a5)

37T 322-MI2 T 123-DE

Applying Lemma (1) once again for the coefficients p, and g,, we readily get
|z|>Bf |z|B,
|a3| < + .
42 -2} 33—
This completes the proof of Theorem (2).
By putting A = 0 in Theorem (2), we have the following corollary
Corollary 5. Let the function f(z) given by (1) be in the class g;"’ (t; ¢). Then
2n2
la,| < lTlBl\/B_l and|az| < —lTl le lTlBl.
VI16(By — B)IZ + 9tBIT;| 16r; 9

Takings = 0,we have I, =1 (n = 2) in Theorem (2), and we can state the coefficient estimates for the functions in

the subclass N (t, 1; ¢).
Corollary 6. Let the function f(z) given by (1) be in the class N; (7, 4; ¢). Then

B,\/B Zp? B
lay| < || 1\/_1 and|as| < |7|*Bf _ |7|B; .
V142 = D)2(B; — B,) + (9 — 111 + 422) BY| 42-21)* 3B-24)
Taking 4 = 0 in Corollary (6), we get the following corollary
Corollary 7. Let the function f(z) given by (1) be in the class G5 (t; ¢). Then

7|B;+/B 7|12B?  |7|B
l,| < |7|1B1y/ B, and|a3|S|I 1+||1
J116(B, — B;) + 9tB}| 16 9
Remark 4. Putting A = 1 in Corollary (6), we obtain the results given by Corollary (4).

I11. COROLLARIES AND ITS CONSEQUENCES

For the class of strongly starlike functions, the function ¢ is given by

14+ 72\
P(2) = (m) =1+42az+2a’2?+- (0<a<1l), (46)

which gives B; = 2a and B, = 2a?.
Corollary 8. By choosing ¢ (z) of the form (46), we state the following results
(i) for function f € f]-[;'b (z,4; ¢), by Theorem (1),

2|t|a 4|t|?a? IT|a
lay| < and|az| < T3 .
JIA+ D21 — a = 2ta)I + 4ta(1 + 22) 5] 1+ (14200

(ii) for function f € ;" (z, 4; ¢), by Theorem (2),
| 2|t|a |t|?a? 2|t|a
a

< dlas| < .
2l = JI4[2ta(22 = 22) + (1 — @) (2 — )21 + 6123 — D3| andjag| < -1 3B-Mh

On the other hand if we take
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1+ (1-2p)z

= =14+21-B)z+2(01 =B+ (0<B <), (47)

¢(2) =
then we have B; = B, = 2(1 — f8).
Corollary 9. By choosing ¢ (z) of the form (47), we state the following results

(i) for function f € :7-[5"’ (z,4; ¢), by Theorem (1),
201 — 201 _ B2 _
lay| < lly2a = §) and |as| < Alra ,32) 7l ﬁ).
V02t + 200 — t(1 + )22 aA+02r;y  (A+2005

(ii) for function f € ;™ (z, 4; ¢), by Theorem (2),

lzly2(1 = p) lT2(1 = p)* 2|7|(1 - B)
lo2] < V1313 = DI + 4t(22 — 20)I7| and - las < (2 - Dy 36 -

Corollary 10. Let f(z) given by (1) be in the class 5;"’ (t; ¢) and ¢(2) is of the form (46), then from Theorem (1), we
have
2|t|a 47)%a?  |1la
+ PR

la,| < and|as| <
: JIA = a = 2ta) [ + 4taly] ’ ry I3
Corollary 11. Let f(z) given by (1) be in the class Sg'b (7; ¢) and ¢(2) is of the form (47), then from Theorem (1), we

have
lzly2(1 = pB) 4l7]*(1 = B)? N [7I(1 = B)
_— 5 .

<

,/|211"3—11"22|and|a3| - L I

Remark 5. Putting s = 0 and 7 = 1 in Corollary (10) and Corollary (11), we obtain the corresponding results given by
Li and Wang [9].

Corollary 12. Let f(z) given by (1) be in the class ?Czs'b (7; ¢) and ¢(2) is of the form (46), then from Theorem (1), we
have

lay| <

2.2
la,| < lrla and|az| < I 20( +m.
VI = a = 2ta) [} + 3taly] Iy 313

Corollary 13. Let f(2) given by (1) be in the class JCZSJ’ (t; ¢) and ¢(2) is of the form (47), then from Theorem (1), we

have
lzly2(1 = pB) l7]*(1 - B)? N lzl(1—pB)
_— 5 .

and|as| <

6Tl — 4117 ’ L 33

Remark 6. Putting s = 0 and T = 1 in Corollary (12) and Corollary (13), we obtain the corresponding results given by
Murugusundaramoorthy et al. [13].

lay| <
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