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I. INTRODUCTION 

 

Letℋ = ℋ(𝑈) symbolize the class of analytic functions in the open unit disk 𝑈 =  𝑧 ∈ ℂ ∶   𝑧 < 1  and  let ℋ[𝑎, 𝑝] 
symbolize the subclass of the function 𝑓 ∈ ℋ of the shape:  

𝑓 𝑧 = 𝑎 + 𝑎𝑝𝑧
𝑝 + 𝑎𝑝+1𝑧

𝑝+1 + ⋯      𝑎 ∈ ℂ; 𝑝 ∈ ℕ =  1,2, …   .                                                                                          (1) 

Also, let 𝒜(𝑝) be the subclass of ℋ consisting of functions of the shape: 

𝑓 𝑧 = 𝑧𝑝 +  𝑎𝑝+𝑛𝑧
𝑝+𝑛 𝑝 ∈ ℕ =  1,2, …   .                                                     (2)

∞

𝑛=1

 

Let 𝑓, 𝑔 ∈ ℋ, if there exists a Schwarz function 𝑤 analytic in 𝑈 with 𝑤 0 = 0 and  𝑤 𝑧  < 1 (𝑧 ∈ 𝑈) such 

that 𝑓 𝑧 = 𝑔 𝑤 𝑧  , then the function 𝑓 is invited subordinate to 𝑔, or 𝑔 is invited superordinate to 𝑓, In such a case 

we write 𝑓 ≺ 𝑔 or 𝑓 𝑧 ≺ 𝑔 𝑧    (𝑧 ∈ 𝑈). If 𝑔 is univalent in 𝑈, then 𝑓 ≺ 𝑔 if and only if 𝑓 0 = 𝑔(0) and 𝑓(𝑈) ⊂
𝑔(𝑈). 

 Let 𝑝, 𝑕 ∈ ℋ and φ 𝑟, 𝑠, 𝑡; 𝑧 : ℂ3 × 𝑈 → ℂ. If 𝑝 and φ(𝑝 𝑧 , 𝑧𝑝′ 𝑧 , 𝑧2𝑝′′  𝑧 ; 𝑧) are univalent functions in 𝑈 

and if 𝑝 satisfies the second-order superordination  

𝑕 𝑧 ≺ φ 𝑝 𝑧 , 𝑧𝑝′ 𝑧 , 𝑧2𝑝′′  𝑧 ; 𝑧 ,                                                                        (3) 

then 𝑝 is invited a solution of the differential superordination (3). (If 𝑓 is subordinate to 𝑔, then 𝑔 is superordinate to 𝑓). 

An analytic function 𝑞  is invited a subordinant of (3), if 𝑞 ≺ 𝑝  for all the function 𝑝 satisfying (3). An univalent 

subordinant 𝑞  that satisfies 𝑞 ≺ 𝑞  for all the subordinants 𝑞 of (3) is invited the best subordinant. Recently, Miller and 

Mocanu [1] gained conditions on the functions 𝑕, 𝑞 and φ for which the following modulation holds: 

𝑕 𝑧 ≺ φ 𝑝 𝑧 , 𝑧𝑝′ 𝑧 , 𝑧2𝑝′′  𝑧 ; 𝑧 ⇒ 𝑞 𝑧 ≺ 𝑝 𝑧 . 
Now,  𝑥𝑛  denotes the Pochhammer symbol defined by  

 𝑥𝑛 =
𝛤(𝑥 + 𝑛)

𝛤(𝑥)
=  

1,                            𝑛 = 0,
𝑥 𝑥 − 1 …  𝑥 + 𝑛 − 1 ,   𝑛 =  1,2,3, …  .

  

El-Yagubi and Darus [2] defined a generalized differential operator, as follows:  

𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 ∶ 𝒜(𝑝) → 𝒜(𝑝) 

𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏 𝑓 𝑧 = 𝑧𝑝 +   

𝑝 +  𝜆1 + 𝜆2 𝑛 + 𝑏

𝑝 + 𝜆2𝑛 + 𝑏
 

𝑚
 𝑎1 𝑛 …  𝑎𝑟 𝑛
 𝑏1 𝑛 …  𝑏𝑠 𝑛

𝑎𝑝+𝑛𝑧
𝑝+𝑛

𝑛!
 ,                                  (4)

∞

𝑛=1

 

where 𝑚, 𝑏, 𝑟, 𝑠 ∈ ℕ0 = ℕ ∪  0 ,  𝜆2 ≥ 𝜆1 ≥ 0 and 𝑎𝑖 ∈ ℂ, 𝑏𝑞 ∈ ℂ \ 0, −1, −2, …  ,  𝑖 = 1, … , 𝑟, 𝑞 = 1, … , 𝑠 , 𝑟 ≤ 𝑠 + 1. 
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It follows from (4) that  

𝜆1𝑧  𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧  

′

=  𝑝 + 𝜆2𝑛 + 𝑏  𝐷𝜆1 ,𝜆2 ,𝑝
𝑚+1,𝑏  𝑎1, 𝑏1 𝑓 𝑧 −  𝑝 + 𝜆2𝑛 − 𝑝𝜆1 + 𝑏  𝐷𝜆1 ,𝜆2 ,𝑝

𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 .      (5) 

  

It should be noted that the linear operator 𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1  is a generalization of many other linear operators considered 

earlier. In particular: 

(1) For 𝜆2 = 𝑏 = 0,  the operator 𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧  reduces to the operator was given by Selvaraj and 

Karthikeyan [3]. 

(2) For 𝑚 = 0, the operator 𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1, 𝑏1 𝑓 𝑧  reduces to the operator was given by El-Ashwah [4]. 

(3) For 𝑚 = 0, and 𝑝 = 1, the operator 𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧  reduces to the well-known operator introduced by 

Dziok and Srivastava [5].  

(4) For m = 0, r = 2, s = 1 and p = 1, we gain the operator which was given by Hohlov [6].  
(5) For 𝑟 = 1, 𝑠 = 0, 𝑎1 = 1,  𝜆1 = 1, 𝜆2 = 𝑏 = 0 and 𝑝 = 1, we get the Salagean derivative operator [7].  

The main object of the present paper is to find sufficient conditions for certain normalized analytic functions 𝑓 to 

satisfy  

𝑞1 𝑧 ≺  
𝑧𝑝

𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1, 𝑏1 𝑓 𝑧 

 

𝜇

≺ 𝑞2 𝑧  

and  

𝑞1 𝑧 ≺  
𝑡𝐷𝜆1 ,𝜆2 ,𝑝

𝑚+1,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 +  1 − 𝑡 𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

𝑧𝑝
 

𝜇

≺ 𝑞2 𝑧 , 

where 𝑞 1 and 𝑞2 are given univalent functions in 𝑈 with 𝑞1 0 = 𝑞2 0 = 1. 
 

II. PRELIMINARIES 

 

In order to manifest our leading results, we require the following definition and lemmas.  

 

Definition (1) [8]: Denote by 𝑄 the set of all functions 𝑓 that are analytic and injective on 𝑈 ∖ 𝐸(𝑓), where  

E 𝑓 =   𝜁 ∈ 𝜕𝑈: lim
𝑧→𝜁

𝑓 𝑧 = ∞                                                                             (6) 

and are such that 𝑓′ 𝜁 ≠ 0 for 𝜁 ∈ 𝜕𝑈\𝐸(𝑓). 

 

Lemma (1)[1]: Let 𝑞 be a convex univalent function in 𝑈 and let 𝛼 ∈ ℂ, 𝛽 ∈ ℂ\ {0} with 

𝑅𝑒  1 +
𝑧𝑞′′  𝑧 

𝑞′ 𝑧 
 > max  0, −𝑅𝑒  

𝛼

𝛽
  . 

If 𝑝 is analytic in 𝑈 and  

𝛼𝑝 𝑧 + 𝛽𝑧𝑝′ 𝑧 ≺ 𝛼𝑞 𝑧 + 𝛽𝑧𝑞′ 𝑧 ,                                                                      (7) 

then 𝑝 ≺ 𝑞 and 𝑞 is the best dominant of (7).   

 

Lemma(2) [9]: Let 𝑞 be univalent in the unit disk 𝑈 and let 𝜃 and 𝜙 be analytic in a domain 𝐷 containing 𝑞(𝑈) with 

𝜙(𝑤) ≠ 0 when 𝑤 ∈ 𝑞 𝑢 . Set 𝑄 𝑧 = 𝑧𝑞′ 𝑧  𝜙 𝑞 𝑧   and 𝑕 𝑧 = 𝜃 𝑞 𝑧  + 𝑄(𝑧). Suppose that  

(1) 𝑄 𝑧  is starlike univalent in 𝑈,  

(2) 𝑅𝑒  
𝑧𝑕 ′  𝑧 

𝑄 𝑧 
 > 0 𝑓𝑜𝑟 𝑧 ∈ 𝑈. 

If 𝑝 is analytic  in 𝑈, with 𝑝 0 = 𝑞 0 , 𝑝(𝑈) ⊂ 𝐷 and   

𝜃 𝑝 𝑧  + 𝑧𝑝′ 𝑧 𝜙 𝑝 𝑧  ≺ 𝜃 𝑞 𝑧  + 𝑧𝑞′ 𝑧 𝜙 𝑞 𝑧  ,                                                 (8) 

then 𝑝 ≺ 𝑞 and 𝑞 is the best dominant of (8). 

 

Lemma (3) [1]: Let 𝑞 be convex univalent in 𝑈 and let 𝛽 ∈ ℂ. Further assume that 𝑅𝑒 𝛽 > 0. If 𝑝 ∈ ℋ[𝑞 0 , 1] ∩ 𝑄 

and 𝑝 𝑧 + 𝛽𝑧𝑝′(𝑧) is univalent in 𝑈, then  

𝑞 𝑧 + 𝛽𝑧𝑞′ 𝑧 ≺ 𝑝 𝑧 + 𝛽𝑧𝑝′ 𝑧 ,                                                                          (9) 

which implies that 𝑞 ≺ 𝑝 and 𝑞 is the best subordinant of (9). 
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Lemma(4) [9]: Let 𝑞 be convex univalent in the unit disk 𝑈 and let 𝜃 and 𝜙 be analytic in a domain 𝐷 containing 𝑞(𝑈). 

Suppose that  

(1) 𝑅𝑒  
𝜃 ′  𝑞 𝑧  

𝜙 𝑞 𝑧  
 > 0 𝑓𝑜𝑟 𝑧 ∈ 𝑈, 

(2)  𝑄 𝑧 = 𝑧𝑞′(𝑧)𝜙 𝑞 𝑧   is starlike univalent in 𝑈. 

If 𝑝 ∈ ℋ[𝑞 0 , 1] ∩ 𝑄, with 𝑝 𝑈 ⊂ 𝐷, 𝜃 𝑝 𝑧  + 𝑧𝑝′(𝑧)𝜙 𝑝 𝑧   is univalent in 𝑈 and  

𝜃 𝑞 𝑧  + 𝑧𝑞′ 𝑧 𝜙 𝑞 𝑧  ≺ 𝜙 𝑝 𝑧  + 𝑧𝑝′ 𝑧 𝜙 𝑝 𝑧  ,                                                (10) 

then 𝑞 ≺ 𝑝 and 𝑞 is the best subordinant of (10). 

 

III. SUBORDINATION RESULTS 

 

Theorem (1): Let 𝑞(𝑧) be convex univalent in 𝑈 with 𝑞 0 = 1, 𝜂 ∈ ℂ/ 0 , 𝜇 > 0 and suppose that 

𝑅𝑒  1 +
𝑧𝑞′′  𝑧 

𝑞′ 𝑧 
 > max  0, −𝑅𝑒  

𝜇 𝑝 + 𝜆2𝑛 + 𝑏 

𝜂𝜆1

  .                                                  (11) 

If  

∇1 𝑧 =  1 + 𝜂  
𝑧𝑝

𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓(𝑧)

 

𝜇

− 𝜂  
𝑧𝑝

𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

 

𝜇

 
𝐷𝜆1 ,𝜆2 ,𝑝

𝑚+1,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

                   (12) 

and   

∇1 𝑧 ≺ 𝑞 𝑧 +
𝜂𝜆1

𝜇 𝑝 + 𝜆2𝑛 + 𝑏 
𝑧𝑞′ 𝑧 ,                                                                  (13) 

then  

 
𝑧𝑝

𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

 

𝜇

≺ 𝑞 𝑧                                                                          (14) 

and 𝑞(𝑧) is the best dominant of (13).  

 

Proof: Define the analytic function 𝑝(𝑧) by  

𝑝 𝑧 =  
𝑧𝑝

𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

 

𝜇

                                                                            (15) 

Differentiating (15) logarithmically with respect to 𝑧, we have  

𝑧𝑝′(𝑧)

𝑝(𝑧)
= 𝜇  𝑝 −

𝑧  𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧  

′

𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

 .                                                             (16) 

Now, using the identity (5), we obtain the following  

𝑧𝑝′(𝑧)

𝑝(𝑧)
=

𝜇 𝑝 + 𝜆2𝑛 + 𝑏 

𝜆1

 1 −
𝐷𝜆1 ,𝜆2 ,𝑝

𝑚+1,𝑏  𝑎1, 𝑏1 𝑓 𝑧 

𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1, 𝑏1 𝑓 𝑧 

 . 

Therefore,  

𝜆1

𝜇 𝑝 + 𝜆2𝑛 + 𝑏 
𝑧𝑝′ 𝑧 =  

𝑧𝑝

𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

 

𝜇

 1 −
𝐷𝜆1 ,𝜆2 ,𝑝

𝑚+1,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

 . 

Thus, the subordination (13) is equivalent to  

𝑝 𝑧 +
𝜂𝜆1

𝜇 𝑝 + 𝜆2𝑛 + 𝑏 
𝑧𝑝′ 𝑧 ≺ 𝑞 𝑧 +

𝜂𝜆1

𝜇 𝑝 + 𝜆2𝑛 + 𝑏 
𝑧𝑞′ 𝑧 . 

Applying Lemma (1) with 𝛽 =
𝜂𝜆1

𝜇 𝑝+𝜆2𝑛+𝑏 
 and 𝛼 = 1, we obtain (14).  

Putting 𝑞 𝑧 =
1+𝐴𝑧

1+𝐵𝑧
 (−1 ≤ 𝐵 < 𝐴 ≤ 1) in Theorem (1), we get the following result.  

 

Corollary (1): Let 𝜂 ∈ ℂ/{0} and −1 ≤ 𝐵 < 𝐴 ≤ 1. Also, suppose that  

𝑅𝑒  
1 − 𝐵𝑧

1 + 𝐵𝑧
 > max  0, −𝑅𝑒  

𝜇 𝑝 + 𝜆2𝑛 + 𝑏 

𝜂𝜆1

  . 
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If 𝑓 ∈ 𝒜(𝑝) satisfies the following subordination condition: 

∇1 𝑧 ≺
1 + 𝐴𝑧

1 + 𝐵𝑧
+

𝜂𝜆1

𝜇 𝑝 + 𝜆2𝑛 + 𝑏 

 𝐴 − 𝐵 𝑧

 1 + 𝐵𝑧 2
 , 

where ∇1 𝑧  given by (12), then  

 
𝑧𝑝

𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

 

𝜇

≺
1 + 𝐴𝑧

1 + 𝐵𝑧
 

and the function  
1+𝐴𝑧

1+𝐵𝑧
  is the best dominant. 

Taking 𝐴 = 1 and 𝐵 = −1 in Corollary (1), we get the following result. 

 

Corollary (2): Let 𝜂 ∈ ℂ/{0} and Suppose that  

𝑅𝑒  
1 + 𝑧

1 − 𝑧
 > max  0, −𝑅𝑒  

𝜇 𝑝 + 𝜆2𝑛 + 𝑏 

𝜂𝜆1

  . 

If 𝑓 ∈ 𝒜(𝑝) satisfies the following subordination: 

∇1 𝑧 ≺
1 + 𝑧

1 − 𝑧
+

𝜂𝜆1

𝜇 𝑝 + 𝜆2𝑛 + 𝑏 

2𝑧

 1 − 𝑧 2
 , 

where ∇1 𝑧  given by (12), then  

 
𝑧𝑝

𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

 

𝜇

≺
1 + 𝑧

1 − 𝑧
 

and the function  
1+𝑧

1−𝑧
  is the best dominant. 

 

Theorem (2): Let 𝑞 𝑧  be univalent in 𝑈 with 𝑞 0 = 1, 𝑞 𝑧 ≠ 0 and 
𝑧𝑞 ′ (𝑧)

𝑞(𝑧)
 is starlike in 𝑈, let 𝜇, 𝜂 ∈ ℂ/ 0 and 

𝑢, 𝑣, 𝜉 ∈ ℂ. Let 𝑓 ∈ 𝒜(𝑝) and suppose that 𝑓 and 𝑔 satisfy the next two conditions: 

𝑡𝐷𝜆1 ,𝜆2 ,𝑝
𝑚+1,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 + (1 − 𝑡)𝐷𝜆1 ,𝜆2 ,𝑝

𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

𝑧𝑝
≠ 0       𝑧 ∈ 𝑈,   0 ≤ 𝑡 ≤ 1                            (17) 

and 

𝑅𝑒  1 +
𝑣

𝜂
𝑞 𝑧 +

2𝜉

𝜂
 𝑞 𝑧  2 −

𝑧𝑞′ 𝑧 

𝑞 𝑧 
+

𝑧𝑞′′  𝑧 

𝑞′ 𝑧 
 > 0                                                 18  

If  

∇2 𝑧 = 𝑢 + 𝑣  
𝑡𝐷𝜆1 ,𝜆2 ,𝑝

𝑚+1,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 + (1 − 𝑡)𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

𝑧𝑝
 

𝜇

 

                     +𝜉  
𝑡𝐷𝜆1 ,𝜆2 ,𝑝

𝑚+1,𝑏  𝑎1, 𝑏1 𝑓 𝑧 + (1 − 𝑡)𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1, 𝑏1 𝑓 𝑧 

𝑧𝑝
 

2𝜇

 

+𝜂𝜇  
𝑡𝑧  𝐷𝜆1 ,𝜆2 ,𝑝

𝑚+1,𝑏  𝑎1 , 𝑏1 𝑓 𝑧  
′

+  1 − 𝑡 𝑧   𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧  

′

𝑡𝐷𝜆1 ,𝜆2 ,𝑝
𝑚+1,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 + (1 − 𝑡)𝐷𝜆1 ,𝜆2 ,𝑝

𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 
− 𝑝 .                                                     (19) 

and  

∇2 𝑧 ≺ 𝑢 + 𝑣𝑞 𝑧 + 𝜉 𝑞 𝑧  2 + 𝜂
𝑧𝑞′ 𝑧 

𝑞 𝑧 
,                                                            (20) 

then  

 
𝑡𝐷𝜆1 ,𝜆2 ,𝑝

𝑚+1,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 + (1 − 𝑡)𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

𝑧𝑝
 

𝜇

≺ 𝑞 𝑧 ,                                        (21) 

and 𝑞 is the best dominant of (20). 

Proof: Define the analytic function 𝑝 by  

𝑝 𝑧 =  
𝑡𝐷𝜆1 ,𝜆2 ,𝑝

𝑚+1,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 + (1 − 𝑡)𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

𝑧𝑝
 

𝜇

.                                            (22) 
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Then 𝑝 is analytic in 𝑈 and 𝑝 0 = 1, differentiating (22) logarithmically with respect to 𝑧, we get  

𝑧𝑝′ 𝑧 

𝑝 𝑧 
= 𝜇  

𝑡𝑧  𝐷𝜆1 ,𝜆2 ,𝑝
𝑚+1,𝑏  𝑎1 , 𝑏1 𝑓 𝑧  

′

+  1 − 𝑡 𝑧   𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧  

′

𝑡𝐷𝜆1 ,𝜆2 ,𝑝
𝑚+1,𝑏  𝑎1, 𝑏1 𝑓 𝑧 + (1 − 𝑡)𝐷𝜆1 ,𝜆2 ,𝑝

𝑚 ,𝑏  𝑎1, 𝑏1 𝑓 𝑧 
− 𝑝 .                             (23) 

By setting  

𝜃 𝑤 = 𝑢 + 𝑣𝑤 + 𝜉𝑤2  𝑎𝑛𝑑 𝜙 𝑤 =
𝜂

𝑤
,    (𝑤 ∈ ℂ /{0}), 

we see that 𝜃 𝑤 is analytic in ℂ, 𝜙 𝑤  is analytic in ℂ /{0} and that 𝜙 𝑤 ≠ 0, 𝑤 ∈ ℂ /{0}. Also, we get  

𝑄 𝑧 = 𝑧𝑞′ 𝑧  𝜙 𝑞 𝑧  = 𝜂
𝑧𝑞′ 𝑧 

𝑞 𝑧 
,     𝑧 ∈ 𝑈 , 

and  

𝑕 𝑧 = 𝜃 𝑞 𝑧  + 𝑄 𝑧 = 𝑢 + 𝑣𝑞 𝑧 + 𝜉 𝑞 𝑧  2 + 𝜂
𝑧𝑞′ 𝑧 

𝑞 𝑧 
. 

It is clear that 𝑄 𝑧  is starlike in 𝑈 and, that  

𝑅𝑒
𝑧𝑕′ 𝑧 

𝑄 𝑧 
= 𝑅𝑒  1 +

𝑣

𝜂
𝑞 𝑧 +

2𝜉

𝜂
 𝑞 𝑧  2 −

𝑧𝑞′ 𝑧 

𝑞 𝑧 
+

𝑧𝑞′′  𝑧 

𝑞′ 𝑧 
 > 0         𝑧 ∈ 𝑈 . 

By making use of (23), the hypothesis (20) can be equivalently written as  

𝜃 𝑝 𝑧  + 𝑧𝑝′ 𝑧 𝜙 𝑝 𝑧  ≺ 𝜙 𝑞 𝑧  + 𝑧𝑞′ 𝑧 𝜙 𝑞 𝑧  , 
thus, by applying Lemma (2), the proof is completed. 

 

Theorem (3): Let 𝑞 𝑧  be univalent in 𝑈 with 𝑞 0 = 1, let 𝜇, 𝜂 ∈ ℂ/ 0 and 𝑣, 𝜉 ∈ ℂ. Let 𝑓(𝑧) ∈ 𝒜(𝑝) and suppose 

that 𝑓 and 𝑔 satisfy the next two conditions: 

𝑡𝐷𝜆1 ,𝜆2 ,𝑝
𝑚+1,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 + (1 − 𝑡)𝐷𝜆1 ,𝜆2 ,𝑝

𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

𝑧𝑝
≠ 0       𝑧 ∈ 𝑈,   0 ≤ 𝑡 ≤ 1                          (24) 

And                            𝑅𝑒  1 +
𝑧𝑞 ′′  𝑧 

𝑞 ′  𝑧 
 > max  0, −𝑅𝑒  

𝑣

𝜂
   𝑧 ∈ 𝑈 .                                                                                      25  

If  

∇3 𝑧 =  
𝑡𝐷𝜆1 ,𝜆2 ,𝑝

𝑚+1,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 +  1 − 𝑡 𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

𝑧𝑝
 

𝜇

× 

 𝑣 + 𝜂𝜇 
𝑡𝑧  𝐷𝜆1 ,𝜆2 ,𝑝

𝑚+1,𝑏  𝑎1 , 𝑏1 𝑓 𝑧  
′

+  1 − 𝑡   𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧  

′

𝑡𝐷𝜆1 ,𝜆2 ,𝑝
𝑚+1,𝑏  𝑎1, 𝑏1 𝑓 𝑧 +  1 − 𝑡 𝐷𝜆1 ,𝜆2 ,𝑝

𝑚 ,𝑏  𝑎1, 𝑏1 𝑓 𝑧 
− 𝑝  + 𝜉                                            (26) 

and  

∇3 𝑧 ≺ 𝑣𝑞 𝑧 + 𝜂𝑧𝑞′ 𝑧 + 𝜉,                                                                                  (27) 

then  

 
𝑡𝐷𝜆1 ,𝜆2 ,𝑝

𝑚+1,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 + (1 − 𝑡)𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

𝑧𝑝
 

𝜇

≺ 𝑞 𝑧 ,                                           (28) 

and 𝑞 is the best dominant of (27). 

 

Proof: Let the function 𝑝 be defined on 𝑈 by (16). Then a computation shows that   

𝑧𝑝′ 𝑧 = 𝜇  
𝑡𝐷𝜆1 ,𝜆2 ,𝑝

𝑚+1,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 +  1 − 𝑡 𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

𝑧𝑝
 

𝜇

× 

 
𝑡𝑧  𝐷𝜆1 ,𝜆2 ,𝑝

𝑚+1,𝑏  𝑎1 , 𝑏1 𝑓 𝑧  
′

+  1 − 𝑡 𝑧   𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1, 𝑏1 𝑓 𝑧  

′

𝑡𝐷𝜆1 ,𝜆2 ,𝑝
𝑚+1,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 + (1 − 𝑡)𝐷𝜆1 ,𝜆2 ,𝑝

𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 
− 𝑝 .                                                              (29) 

By setting  

𝜃 𝑤 = 𝑣𝑤 + 𝜉,   𝜙 𝑤 = 𝜂,    (𝑤 ∈ ℂ), 
we see that 𝜃 𝑤 , 𝜙 𝑤  are analytic in ℂ and that 𝜙 𝑤 ≠ 0. Also, we get  

𝑄 𝑧 = 𝑧𝑞′ 𝑧  𝜙 𝑞 𝑧  = 𝜂𝑧𝑞′ 𝑧 ,     𝑧 ∈ 𝑈 , 
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and  

𝑕 𝑧 = 𝜃 𝑞 𝑧  + 𝑄 𝑧 = 𝑣𝑞 𝑧 + 𝜂𝑧𝑞′ 𝑧 + 𝜉       (𝑧 ∈ 𝑈). 

From the assumption (25) we see that 𝑄 𝑧  is starlike in 𝑈 and, that  

𝑅𝑒
𝑧𝑕′ 𝑧 

𝑄 𝑧 
= 𝑅𝑒  

𝑣

𝜂
+

𝑧𝑞′′  𝑧 

𝑞′ 𝑧 
+ 1 > 0         𝑧 ∈ 𝑈 , 

and then, by using Lemma (2) we deduce that the subordination (27) implies 𝑝 𝑧 ≺ 𝑞 𝑧 , and the function 𝑞 is the best 

dominant of (27). 

 

IV. SUPERORDINATION RESULTS 

 

Theorem (4): Let 𝑞 be convex in 𝑈 with 𝑞 0 = 1, 𝜇 > 0 and 𝑅𝑒 𝜂 > 0. Let 𝑓 ∈ 𝒜(𝑝) satisfies 

 
𝑧𝑝

𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

 

𝜇

∈ ℋ 𝑞 0 , 1 ∩ 𝑄. 

If the function ∇1 𝑧  given by (12) is univalent in 𝑈, and 

𝑞 𝑧 +
𝜂𝜆1

𝜇 𝑝 + 𝜆2𝑛 + 𝑏 
𝑧𝑞′ 𝑧 ≺ ∇1 𝑧 ,                                                                  (30) 

then                                                      𝑞 𝑧 ≺  
𝑧𝑝

𝐷𝜆1,𝜆2,𝑝
𝑚 ,𝑏  𝑎1 ,𝑏1 𝑓 𝑧 

 

𝜇

                                                                                         31  

and 𝑞 is the best subordinant of (30). 

 

Proof: Define the analytic function 𝑝(𝑧) by 

𝑝 𝑧 =  
𝑧𝑝

𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

 

𝜇

.                                                                         (32) 

Differentiating (32) logarithmically with respect to 𝑧, we have  

𝑧𝑝′ 𝑧 

𝑝 𝑧 
= 𝜇  𝑝 −

𝑧  𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧  

′

𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1, 𝑏1 𝑓 𝑧 

 .                                                              (33) 

After some computations and using the identity (5), from (33), we have  

∇1 𝑧 = 𝑝 𝑧 +
𝜂𝜆1

𝜇 𝑝 + 𝜆2𝑛 + 𝑏 
𝑧𝑝′ 𝑧 , 

and now, by using Lemma (3), we get the desired result.  

Putting 𝑞 𝑧 =
1+𝐴𝑧

1+𝐵𝑧
(−1 ≤ 𝐵 < 𝐴 ≤ 1) in Theorem (4), we get the following corollary.  

 

Corollary (3): Let −1 ≤ 𝐵 < 𝐴 ≤ 1, 𝜇 > 0 and  𝑅𝑒 𝜂 > 0. Also let 

 
𝑧𝑝

𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

 

𝜇

∈ ℋ 𝑞 0 , 1 ∩ 𝑄. 

If the function ∇1 𝑧  given by (12) is univalent in 𝑈, and 𝑓 ∈ 𝒜(𝑝) satisfies the following superordination condition: 
1 + 𝐴𝑧

1 + 𝐵𝑧
+

𝜂𝜆1

𝜇 𝑝 + 𝜆2𝑛 + 𝑏 

 𝐴 − 𝐵 𝑧

(1 + 𝐵𝑧)2
≺ ∇1 𝑧 , 

then  

1 + 𝐴𝑧

1 + 𝐵𝑧
≺  

𝑧𝑝

𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

 

𝜇

 

and the function  
1+𝐴𝑧

1+𝐵𝑧
  is the best subordinant. 

Theorem (5): Let 𝑞 be convex univalent in 𝑈 with 𝑞 0 = 1, 𝑞(𝑧) ≠ 0 and 
𝑧𝑞 ′  𝑧 

𝑞 𝑧 
 is starlike in 𝑈, let 𝜇, 𝜂 ∈ ℂ/{0} and 

𝑢, 𝑣, 𝜉 ∈ ℂ. Further assume that 𝑞 satisfies  

𝑅𝑒   𝑣 + 2𝜉𝑞 𝑧  
𝑞 𝑧 𝑞′ 𝑧 

𝜂
 > 0          𝑧 ∈ 𝑈 .                                                           (34) 
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Let 𝑓(𝑧) ∈ 𝒜(𝑝) and suppose that 𝑓(𝑧) satisfies the next conditions: 

𝑡𝐷𝜆1 ,𝜆2 ,𝑝
𝑚+1,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 + (1 − 𝑡)𝐷𝜆1 ,𝜆2 ,𝑝

𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

𝑧𝑝
≠ 0       𝑧 ∈ 𝑈,   0 ≤ 𝑡 ≤ 1                            (35) 

and  

 
𝑡𝐷𝜆1 ,𝜆2 ,𝑝

𝑚+1,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 + (1 − 𝑡)𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

𝑧𝑝
 

𝜇

∈ ℋ 𝑞 0 , 1 ∩ 𝑄.                                 (36) 

If the function ∇2(𝑧) given by (19) is univalent in 𝑈, and  

𝑢 + 𝑣𝑞 𝑧 + 𝜉 𝑞 𝑧  2 + 𝜂
𝑧𝑞′ 𝑧 

𝑞 𝑧 
≺ ∇2 𝑧 ,                                                                    (37) 

then  

𝑞 𝑧 ≺  
𝑡𝐷𝜆1 ,𝜆2 ,𝑝

𝑚+1,𝑏  𝑎1, 𝑏1 𝑓 𝑧 +  1 − 𝑡 𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1, 𝑏1 𝑓 𝑧 

𝑧𝑝
 

𝜇

,                                           (38) 

and 𝑞 is the best subordinant of (37). 

 

Proof: Let the function 𝑝(𝑧) be defined on 𝑈 by (22). Then a computation shows that   

𝑧𝑝′ 𝑧 

𝑝 𝑧 
= 𝜇  

𝑡𝑧  𝐷𝜆1 ,𝜆2 ,𝑝
𝑚+1,𝑏  𝑎1 , 𝑏1 𝑓 𝑧  

′

+  1 − 𝑡 𝑧   𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧  

′

𝑡𝐷𝜆1 ,𝜆2 ,𝑝
𝑚+1,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 + (1 − 𝑡)𝐷𝜆1 ,𝜆2 ,𝑝

𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 
− 𝑝 .                              (39) 

By setting  

𝜃 𝑤 = 𝑢 + 𝑣𝑤 + 𝜉𝑤2   𝑎𝑛𝑑    𝜙 𝑤 =
𝜂

𝑤
,    (𝑤 ∈ ℂ/{0}), 

we see that 𝜃 𝑤  is analytic in ℂ, 𝜙 𝑤 is analytic in ℂ/ 0  and that 𝜙 𝑤 ≠ 0, 𝑤 ∈ ℂ/{0}. Also, we get  

𝑄 𝑧 = 𝑧𝑞′ 𝑧  𝜙 𝑞 𝑧  = 𝜂
𝑧𝑞′ 𝑧 

𝑞 𝑧 
,     𝑧 ∈ 𝑈 . 

It is observe that 𝑄(𝑧) is starlike in 𝑈 and, that  

𝑅𝑒
𝜃′ 𝑞 𝑧  

𝜙 𝑞 𝑧  
= 𝑅𝑒   𝑣 + 2𝜉𝑞 𝑧  

𝑞(𝑧)𝑞′ 𝑧 

𝜂
 > 0         𝑧 ∈ 𝑈 . 

By making use of (39) the hypothesis (37) can be equivalently written as  

𝜃 𝑞 𝑧  + 𝑧𝑞′ 𝑧 𝜙 𝑞 𝑧  ≺ 𝜃 𝑝 𝑧  + 𝑧𝑝′ 𝑧 𝜙 𝑝 𝑧  , 
thus, by applying Lemma (4), the proof is completed. 

Using arguments similar to those of the proof of Theorem (3), and then by applying Lemma (4), we obtain the 

following result. 

 

Theorem (6): Let 𝑞 be convex in 𝑈 with 𝑞 0 = 1, let 𝜇, 𝜂 ∈ ℂ/ 0  and 𝑣, 𝜉 ∈ ℂ and 𝑅𝑒  
𝑣

𝜂
𝑞′ 𝑧  > 0. Let 𝑓 ∈ 𝒜(𝑝) 

and suppose that 𝑓(𝑧) satisfies the next conditions:  

𝑡𝐷𝜆1 ,𝜆2 ,𝑝
𝑚+1,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 + (1 − 𝑡)𝐷𝜆1 ,𝜆2 ,𝑝

𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

𝑧𝑝
≠ 0       𝑧 ∈ 𝑈,   0 ≤ 𝑡 ≤ 1                            (40) 

and 

 
𝑡𝐷𝜆1 ,𝜆2 ,𝑝

𝑚+1,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 + (1 − 𝑡)𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

𝑧𝑝
 

𝜇

∈ ℋ 𝑞 0 , 1 ∩ 𝑄.                               (41) 

If the function ∇3 𝑧  given by (26) is univalent in 𝑈, and 

𝑣𝑞 𝑧 + 𝜂𝑧𝑞′ 𝑧 + 𝜉 ≺ ∇3 𝑧 ,                                                                             (42) 

then                                    𝑞 𝑧 ≺  
𝑡𝐷𝜆1,𝜆2,𝑝

𝑚 +1,𝑏  𝑎1 ,𝑏1 𝑓 𝑧 +(1−𝑡)𝐷𝜆1,𝜆2,𝑝
𝑚 ,𝑏  𝑎1 ,𝑏1 𝑓 𝑧 

𝑧𝑝  

𝜇

                                                                    43  

and 𝑞 is the best subordinant of (42). 

 

V. SANDWICH RESULTS 

 

By combining Theorem (1) with Theorem (4), we obtain the following sandwich theorem: 
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Theorem (7): Let 𝑞1 and 𝑞2 be two convex functions in 𝑈, 𝑞1 0 = 𝑞2 0 = 1 and 𝑞2 satisfies (11), 𝜇 > 0, 𝜂 ∈ ℂ with 

 𝑅𝑒 𝜂 > 0. If 𝑓 ∈ 𝒜(𝑝) such that  
𝑧𝑝

𝐷𝜆1,𝜆2,𝑝
𝑚 ,𝑏  𝑎1 ,𝑏1 𝑓 𝑧 

 

𝜇

∈ ℋ 1,1 ∩ 𝑄, ∇1(𝑧) is univalent in 𝑈 and satisfies 

𝑞1 𝑧 +
𝜂𝜆1

𝜇 𝑝 + 𝜆2𝑛 + 𝑏 
𝑧𝑞1

′  𝑧 ≺ ∇1 𝑧 ≺ 𝑞2 𝑧 +
𝜂𝜆1

𝜇 𝑝 + 𝜆2𝑛 + 𝑏 
𝑧𝑞2

′  𝑧 ,                         (44) 

where ∇1(𝑧) is given by (12), then   

𝑞1 𝑧 ≺  
𝑧𝑝

𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

 

𝜇

≺ 𝑞2 𝑧 , 

where 𝑞1 and 𝑞2 are , respectively, the best subordinant and the best dominant of (44). 

By combining Theorem (2) with Theorem (5), we obtain the following sandwich theorem: 

 

Theorem (8): Let 𝑞𝑖  be two convex functions in 𝑈, such that 𝑞𝑖 0 = 1, 𝑞𝑖 𝑧 ≠ 0 and 
𝑧𝑞𝑖

′  𝑧 

𝑞𝑖 𝑧 
 𝑖 = 1,2  is starlike in 𝑈, 

let 𝜇, 𝜂 ∈ ℂ/{0} and 𝑢, 𝑣, 𝜉 ∈ ℂ. Further assume that 𝑞1 satisfies (34), and 𝑞2satisfies (18). Let 𝑓 ∈ 𝒜(𝑝) and suppose 

that 𝑓 satisfies the next conditions: 

𝑡𝐷𝜆1 ,𝜆2 ,𝑝
𝑚+1,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 + (1 − 𝑡)𝐷𝜆1 ,𝜆2 ,𝑝

𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

𝑧𝑝
≠ 0       𝑧 ∈ 𝑈,   0 ≤ 𝑡 ≤ 1 , 

and 

 
𝑡𝐷𝜆1 ,𝜆2 ,𝑝

𝑚+1,𝑏  𝑎1, 𝑏1 𝑓 𝑧 + (1 − 𝑡)𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1, 𝑏1 𝑓 𝑧 

𝑧𝑝
 

𝜇

∈ ℋ 1,1 ∩ 𝑄. 

If the function ∇2 𝑧  given by (19) is univalent in 𝑈, and 

𝑢 + 𝑣𝑞1 𝑧 + 𝜉 𝑞1 𝑧  
2 + 𝜂

𝑧𝑞1
′  𝑧 

𝑞1 𝑧 
≺ ∇2 𝑧 ≺ 𝑢 + 𝑣𝑞2 𝑧 + 𝜉 𝑞2 𝑧  

2 + 𝜂
𝑧𝑞2

′  𝑧 

𝑞2 𝑧 
 ,                         (45) 

then  

𝑞1 𝑧 ≺  
𝑡𝐷𝜆1 ,𝜆2 ,𝑝

𝑚+1,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 +  1 − 𝑡 𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

𝑧𝑝
 

𝜇

≺ 𝑞2 𝑧 , 

where 𝑞1 and 𝑞2 are , respectively, the best subordinant and the best dominant of (45). 

By combining Theorem (3) with Theorem (6), we obtain the following sandwich theorem: 

Theorem (9): Let 𝑞1 and 𝑞2 be two convex functions in 𝑈, with 𝑞1 0 =  𝑞2 0 = 1, let 𝜇, 𝜂 ∈ ℂ/{0} and 𝑣, 𝜉 ∈ ℂ with 

𝑅𝑒  
𝑣

𝜂
𝑞1

′  𝑧  > 0 and 𝑞2 satisfies (25). Let 𝑓 ∈ 𝒜(𝑝) and suppose that 𝑓 satisfies the next conditions: 

𝑡𝐷𝜆1 ,𝜆2 ,𝑝
𝑚+1,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 + (1 − 𝑡)𝐷𝜆1 ,𝜆2 ,𝑝

𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

𝑧𝑝
≠ 0       𝑧 ∈ 𝑈,   0 ≤ 𝑡 ≤ 1 , 

and 

 
𝑡𝐷𝜆1 ,𝜆2 ,𝑝

𝑚+1,𝑏  𝑎1, 𝑏1 𝑓 𝑧 + (1 − 𝑡)𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1, 𝑏1 𝑓 𝑧 

𝑧𝑝
 

𝜇

∈ ℋ 1,1 ∩ 𝑄. 

If the function ∇3 𝑧  given by (26) is univalent in 𝑈, and 

𝑣𝑞1 𝑧 + 𝜂𝑧𝑞1
′  𝑧 + 𝜉 ≺ ∇3 𝑧 ≺ 𝑣𝑞2 𝑧 + 𝜂𝑧𝑞2

′  𝑧 + 𝜉 ,                                                   (46) 

then  

𝑞1 𝑧 ≺  
𝑡𝐷𝜆1 ,𝜆2 ,𝑝

𝑚+1,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 +  1 − 𝑡 𝐷𝜆1 ,𝜆2 ,𝑝
𝑚 ,𝑏  𝑎1 , 𝑏1 𝑓 𝑧 

𝑧𝑝
 

𝜇

≺ 𝑞2 𝑧 , 

where 𝑞1 and 𝑞2 are , respectively, the best subordinant and the best dominant of (46). 
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