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1. INTRODUCTION

This work is concerned with the general nonlinear cooperative elliptic system

-Apu=am(x) [ulP~2u+bmy (x) h(u,v) +f in RN
-Aqu=dn(x) [v]92v+en (X) Kk (U, V) +g in RN (1.2)
ux) >0, vix) >0 as| x|—»> +o

Here A, u : = div (|VulP~2Vu), 1< p < + oo, is the P- Laplacian operator.

The parameters a, b, ¢, d are nonnegative real parameter. The functions h, k: R> — R are continuous and have some
properties like the weight functions m, my n, n; which will be specified later. The aim of this work is to construct a
Maximum Principle with inverse positivity assumptions which means that if f, g are nonnegative functions almost
everywhere in R", then any solution (u, v) of (1.1) obey u>0; v> 0 a.e in R".

It is well known that the maximum principle plays an important role in the theory on nonlinear equations. For
instance it is used to access existence results of solutions for linear and nonlinear differential equations. [1-15]. Many
wgrks have been devoted to the study of linear and nonlinear elliptic system on a bounded or an unbounded domain of
R"™ [1-8].

Most of the work deals with Maximum Principle for a certain class of functions h and k. This work deals with
a more general class of functions h, k. For specific interest for our purposes is the work in [7] where a study of
problems such as (1.1) was carried out in case of R" in the presence of the weights m, m; n, n; with the particular case
hsty=|sl®[tlPtandk (s t)=] s|*|t|Ps o and B are some nonnegative real parameter in R". Clearly, our work
extends the work [7] first by considering a problem with weights and next by dealing with a more general class of
function h, k in the of whole of R. For instance this result can apply for the case.

|sins|*|arctant|P t fort>0, seR
histy= | Is|¥elfe fort<0,se R

|sins|?s |arctan t|? fors>0,te R
k(s t)= Is|*s|t|? fors<0,te R

which is not taking into account in [7].

The remainder of the work is organized as follows: In Preliminary Section 2 we specify the required assumptions on
the data of our considered problem and we briefly give some known results relative to the principal positive eigenvalue
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of the p- Laplacian operator. In section 3, the Maximum principle for (1.1) is given and is shown to be proven full
enough to yield existence results of solution for (1.1) in Section 4 by using a approximation method.

Il. PRELIMINARIES

Throughout this work assume that, 1 < p, g <nand

a+1 p+1

(Bl)oc,BZO;b,cZOandT +T =1

(B2) f>0, fe L#9 (RN ;g>0,geL@ (RY) with % +§ = % +$ =1;

(B3) m, my, n, n, are smooth weights such that m, n>0 meL?. (R™) » L"? (RY), neL?. (R™) n LV (RM), and 0< my,
n< m &P GV Here p* = NNT"P q = ;]qu denote the critical Sobolev exponents of p and q respectively; p' is the
Holder conjugate of p.

(B4) The functions h and k satisfy the sign conditions:
th (s, t) >0, s.k(s,t) >0 for(s,t) eR®and there exist >0 such that

h(s, -t)<-h(s1t) fort>0,se R
h(s, t) = TeHP+2-a |5 | “|¢| Py fort<0,se R
k(s t)<-k(s,t) fors>0,te R
K (s, t) = T P29 5| “5| Pt fors<0,te R

We denote by Wol'p (RM) (with 1 < s < N) the completion of C2 (R™) with respect to the norm
1

5L
lull e ey = (fRN |Vul )p . wy" (RY) is a reflexive Banach space and it can be shown [8] that

we? (RY) = {uel™ (RY) : vue (L” (R™) M} . Here and henceforth the Lebesgue norm in L” (R") will be denoted by

111, and the usual norm of wg® (R™) by!|.||. The positive and negative part of a function u are defined respective as
u* = max {u, 0} andu™ : = max {-u, 0}. Equalities (and inequalities) between two functions must be understood a.e. (R")

Consider the eigenvalue problem with weight g. For a given geL"* (R™ ~ L”(R"M) ,g (x) a.e in RN it was
known that the eigenvalue problem.

Al = Ag (X) |VulP~2u inRN

u)— 0,as x| > +o inRN (2.1)
admits an unique positive first eigen value A; (g, p) with a nonnegative eigenfunction. Moreover, this eigenvalue is
isolated, simple and as a consequence of its variational characterization one has
2@ P v g ) ulP< [N [Vul? v ue Wy (RY). Now we denote by @ (respectively ¥) the positive eigenfunction
associated with A, (n, p) (respectivelyi; (n, g)) normalized by [ &N m (x) |®|P =1

(resp fRN n (x) |¥|? = 1).The functions ® and ¥ belong to C** (R™N) and by the weak maximum principle,

oD ¥ . R R
= < 0 and - < 0 on RN where v is the unit exterior normal.

1. MAXIMUM PRINCIPLE

We assume that 1 < p, q < N and also that hypothesis (B3) is satisfied. We begin by consider the problem
Au=pm () Tul " urh (x) inRN
u(x)—0, as x| >+ (3.1)
The following result was proved in [9, 10]

Preposition 2.1 (1) Let he L® (RM) . if u <A, (m, p) then (3.1) admits a solution in D*? (RY)
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(2) let heL®Y (RM with h>0a.ein RN and h 0.
(a) if pe [0, < A1 (M, p) [, then any solution u of (3.1) is positive in R.".
(b) if =Xy (m, p) , then (3.1) has no solution.
(c) if u >Aq (M, p), then (3.1) has no positive solution.
Using [12,13] one also has the following regularity result.

Preposition 2.2. Forall r> 0, any solution u of [2.1] belongs to C ' (B,), where y = v (r) €]0,1[ and B, is the ball of
radius r centred at the origin.

Leta, (r) : = mﬂg ®) and a():= SuPé( 2(%) (3.2)
r r
+1 o+l
@] [ewp]iEEE _[m®Ta eep i
where  k; (x):= [ n(x) [‘P(x)q] P ke () _[ml(x) [‘I’(x)q] ’
We denote by aj,, = lim,_, 4, a1 (r) and az,, = lim,_, ., a, (1) .
Let set® = :1—“’ . (3.3)
200
The following inequalities can easily be proved
®:21—(r).forallr>0and03®sl (3.4)
2(r)

We now turn to our first main result
A Maximum Principle holds for the system (1.1) if f >0 and g >0 implies u >0 and v>0 a.e in R"™

By a solution (u, v) of (1.1), we mean a weak solution i.e., (u, v) eW,” (R™ x Wy (R™) such that
JanIVulP=2vu. vw = [ | [am ()l u | P72 yw+ bmy (X) h (U, v) W+ fw ] (3.5)
Jen I V1 v vz = Jen! TAn (9 [ v | % Vzron () Kk (U V) 2+ g2 ]
for all (w, z) eW,” (R™) x W, * (RM).
Note that by assumptions (B1) — (B4), the integrals in (3.5) are well — defined Regularity results from [12,13],
weak solution (u,v) belong to ¢*(RY) x c'(R™). It is also know, that a weak of (1.1) decays to zero and infinity. [9, 14]
Now ready to state the validity of the Maximum Principle for (1.1)
Theorem 3.1
Assume (B1) — (B4). Then the Maximum Principle holds for (1.1) if
(C)) Ay (m, p) >a,
(Cz) }\.1 (n, q) > d,
(C3) Ay (M, p) —a)@FD/P ), (n, q) —d)B+D/a > plat/p ((B+1/q
Conversely if the Maximum Principle holds, then Conditions (C;) — (C,) are satisfied, where
(Cs) (Aq(m, p)—a)@+D/P 3, (n, q) —d)P+D/a > h@FD/p (B+D/a

Proof: The proof is party adapted from [1, 6]
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Necessity Part:
Assume that the Maximum Principle holds for system (1.1)

If A, (M, p) < a then the functions f : (a-A (M, p) m (x) ®"* and g : = 0 are nonnegative, however
(-, 0) satisfies (1.1), which contradicts the Maximum Principle. Similarly, if A, (n,q) <dthenf:=0and
g:= (d- % (n, g)) n (x) W9~ are nonnegative functions and (0, -') satisfies (1.1), which is a contradiction with the

Maximum Principle.
Now, assume that A, (m, p) > a,A; (n, ) > d, and that (C4) does not hold; that is,
(C4’) M (m, p) _a) (o+1)/p M (n’ p) —d) (B+D/g <®b (oc+1)/p C (B+1)/p

C

)(a+1)1/p 5= (M)(Bﬂn/q

A _
Set A= (me-e

Then by (C4') AB <@ which implies

A®, <2 where ©,= infk; (),
B RN

_ supk; (x)
®,= RN

Hence these exists &< R%. such that A ay,, < < (1/B) ay.,
@t pri
. _f(ciri\ p «a
Let ¢y, cobe two positive real numbers such that & = P
1

Using (3.6), (B1) and the above expression of & we have
[As (M, p) -a] M (x) [c:®@ (]P~< TP+ Phmy (x) [c, @ ()] [c ¥ (1P ™
[Aa (0, p) -d] N (X) [c2¥ (¥) ]9 TP+279 eny (x) [ey @ (0)]* e ¥ (0]°
Furthermore, using the inequalities in (B4), we obtain
-y (M, ) —a] M (X) [e1® ()] P! —bmy (x) h(-c, @, -, ¥) >0
- (0, @) —d]n (X) [c2¥ (x) ] 97"- ey (x) k(-c1 @, -, 'P) >0
Hence  0<-[%; (M, p) —a] m (x) [cs® ()]** -bmy (x) h(-c, @, ¢, V) =T,

0<- [A4 (0, @) —d] n (%) [e2¥ ()1 - eny (x) k(-c. @, -c;'¥)=g,

are nonnegative functions and (-c; @ ,-c, ) is a solution of (1.1).This is a contradiction with the Maximum Principle.

Sufficiency Part :

Assume that the conditions (C1) — (C3) are satisfied.

So for f >0, g > 0, suppose that there exists a solution (u, v) of system (1.1).

(3.6)

for all x e RN and

forall x e RN

for all x e RN and
forall x e RN
forall x e RV,

forall x e RV,

Multiplying the first equation in (1.1) by u~ and the second on by v~ and integrating over R™ we have,
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Sl Vo IP=alm () Tu[P-b Y my () h (U, v) u- QN fu”

S Vv = d R0 (0 [v= 1% J&N ng (0 k (U, v) v [ gv™
Then, using the sign conditions in (B4), we obtain

Sl VurIP<al®m ) [u b N m () h(u, -v7)u-

Sl W <d R 0 [vl " &N ny () k (-umv) v
The following results are derived by using the sign conditions in (B4),
h (u-v)u = =T%P*+27P (=) (y=)P*2 and  k (-u, v) v- = =[*PH27P (y=) L (v)P*! hence
RV vurlP<al¥m [ul P+ b TP [N my (x)(um)*Hv)P
RV vv < d J)Vn vl <+ ¢ TotPH2af N ng (o (um) @i vm)P

Combining the variational characterization of A, (m, p) and A; (n, q) with the Holder inequality and assumption (B3),
we have

s (. p) -2) fywmG0 w1 <o o270 (om0l P) T (en Golv )

(s (0,0) ) fpn v 1% <ere 27 (fom Golud ) (fun eolvd )

which implies

(fRN m (x)u| p)(a+1)/p [(A1 (m, p) -3) (fRN m (0] u”] p)(ﬁﬂ)/q'blﬂwﬂ_p (fRN n ()l vl q)(BH)/q ]1<0

)(Ot+1)/P

(e IV ) [0 (1, 6 -] (Jm 0l v ere e ([ meolu- 17) <0 37)

Let us show thatu™=v™=0

If fx m() [ u=1"=0 or [y n(x)|v~|"=0then, using the fact that m > 0, n >0, and (3.7) we obtain u™= v~=0,
which implies that the Maximum Principle holds.

. If )Y m)|ulP=0and [gN n(x)|vlP =0, then we have

)(ﬁ+1)/q )(B+1)/q

A (m, p) -a) (fRN m ) ul’ < pr+h+2-p (fRN nG)lv ]!

)(Ot+1)/p (a+1)/p

A (n, q) -d) (fRN n )l v1? < crethbrz=a (fRN m &) u | p)

which implies

a+1 B+1 a+1 f+1

(A (m, p) —a ) @DP (fRN m (x)| ul p)TT < -p@*p potB+2-p (a+1)/p (fRN n )| vl q)T !
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a+lB+1 atlB+1

(a0, 0)-d) 0D (funGolv®) 7 T <@ pepma @/ (f o oluP) P
Multiplying the two inequalities above and using the fact that
(otB+2-p) T+ (c#Br2-) T = (akBr2) (Cm+ BT - (rD) - (1) =0 (38)

a+1p+1

a+1

one has (1 (mp)-a) * (1 (0, @) ~d) x (e m 0l ul”) (fum IvIT)) "

a+1 B+1
arl P LB
p

ca <(ka m ()l ul P) (IRN n Glv] q)) o

<b

a+1B+1

atl pt+1 atl Bl P q P g
and then ((xl (m,p)-a)? (o (n,q)-d) s —bp ca ) x((fRN m ()l u®) (fwn GOl vl )) <0
Since (C,) — (Cy) are satisfied and m, n > 0 the inequality above is not possible.
Consequently u== v~ = 0 and the Maximum Principle holds.
When p =qand m = n, the number 0 is equal to 1 and as a consequence of theorem 3.1, we have the
following result.
Corollary 3.2
Consider the cooperative system (1.1) with p = g > 1 and m =n. Then the Maximum Principle holds if and
only if (C;) — (Cy) are satisfied.

m]

IV. EXISTENCE OF SOLUTIONS
In this section we prove that, under some conditions, system (1.1) admits atleast one solution.

Theorem 4.1

Assume (By), (B,), (Cy), (C,), (Cs) are satisfied. Then for f eL”” (R™) and g eLd™ (R"), system (1.1) admits
atleast one solution in W, (R™) xW,"9 (RY).

The proof will be given in several steps and is partly adapted from [1,6,15]. To prove this theorem it requires
the lemmas state below.

We chooser r >0suchthata+r>0andd+r>0

Hence (1.1) reads as follows
Au+rm ) ul P u=@+r) m )l ul "™ u+bn, (x) h (u, v) + Fin RY
-Av+n ()] v P72y = enyk (U, v) +(d+1)n ) [v] P2 v +g in RY (4.1)
ux) >0,v(x) > 0 asl x| >w

For 0 < e< 1, now consider the system
AU +rm (x) [ uc| P = (% ueve) +fin RN
-Ave +mx) | v, | LT M (X, U, Vo) +ginRY
Uuuo> ve > 0 aslxl ) > (4.2)
where 1 (x,s,t) = (a+)m(x) | s| P s@+e®lsIP Ty +bm ) h(s ) L +elh (s )Y
L06s 0= (@ n )Tt e e 771+ ony (K (s, 1) (L +e [k (s, 9]

Lemma 4.2
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Under the hypothesis of theorem (3.1) System (4.2) has a solution in Wol'p (R ><W01'cl (RM).

Proof :
Let >0 be fixed .Construction of sub — solution and super — solution for system

A+ rm(x) [ ul P v=,(xuv)+finR
Ay +me[vIP T v=0 (% uv) +ginRY (4.3)
u(X) >0,v(x) >0 as| X — o
From (B3), the functions | and | are bounded ; that is, there exists a positive constant M such that
[P (xuv)l <M, |2 (x,uv)l <M v (U, v) eWp? (RY) xwpd (RY).
Let u” eW,® (RV) (respectively v° eW,* (RV) be a solution of

p-2 . q-2
A+ rm (x) [ ] T u® = M+ f (respectively - ANV +m () [VP] T T VP =M +g)
It was known that uo u®, vo, V° are exists, moreover we have

-AgUp + rm (x) | up | P72 o - M (X Upv) - F<0 v ve [vo\]
T e AT AT Mxuwv) - £20 Vv ve [VoV°]
-AqVo + M (X) | vo| T Ve - ~(X UV - g<0 v ue [uou’]
A+ () VT v - M (xuv0) - g0 YV ue [upu’]

S0 (ug, u%) and (v v°) are sub — super solutions of (4.3)
Let K= [upu®] x [vov] and let T : (u, v) — (w, z) the operator such that

_Aqw+rm(x)|wlp_2 W=7 (X, uv) +f in RN
Az +m )|zl 2= S(Xuv)+g in R (4.4)
w (x) >0, z(X) >0 as| x| » +w
o Let us prove that T (K) c K. If (u, v) € K, then
(-ApW-Ap € °) + rm (x) (| wlP 2w —| € p_zgo) =[ 2 (x,u,v) - M]) (4.5)
Taking (w -&° )" as test function in (4.5), we have
Tan (| vw ] P2 vE° P2 WE yww -£0) + 1w m (I wl P Pw-1 €0 1P 7%E0) (w- £9)°

=Jan [ (%, U, v) = M)] (w -€ 9" < 0.
Since the weight m is positive, by the monotonicity of the functionss — |s | P2 and that of the p —Laplacian, we

deduce that the last integral equal zero and the (w -£°)*=0. That is w < £°.Similarly we obtain £° < w by taking (w -
£%) as test function in (4, 5). So we have E<w £%and n, < z <n° and the step is complete.

e Toshow that T is completely continuous we need the following lemma.
Lemma 4.3

If (Up, Vi) = (U, v)inLP" (RY) xL9° (RMYasn — oothen

[u \p_zu [u \p_zu . ! ¢ pN
1) X,=m(x) —2>—=23_— Convergesto X =m (x) —>——— inLP* (RM)asn . where p* = 2
(1) Xo=m () s g () o=t INLP* (RY)asn o where p” =P (2)
h (u,v)

Yo=m; (x) —n¥n) - Convergesto Y = m; (X) in L9 (RV)asn—> .

1+ €l h (up vy)l 14 el h (u,v)l
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Proof :

Sinceu, — wuin LP" (RY), there exist a subsequence still denoted (u,) such that
U (X) = u(x)ae.on RY

luy (¥)| <n (x) a.e. on RMwith n eLP” (RM) (4.6)
Let X:m(x)& Then X, (x) - X(x):m(x)mae on RM
n 1+let/p o Pt n 1+ elr ueyP T '
-1 -1, N .
<llm Un milgln in us, from Lebesque’s dominated convergence theorem one
| Xl <ITmll o lun 1P < Hmll o, Inl " in LP” (RM) Thus, from Leb s d d h
p—2 '
has X, —» X =m (x) " — inLP” (RYasn — «. So(1)is proved.
14 el/ryl?

Moreover, since v, — v in L4 (RY) there exists a subsequences still denoted (v,,) such that
Vo (X) > v(x) aeon(RY), vy(x) <&(X) a.eon Rwith eL?” (RY) 4.7

Using (B4), one has| Y| <|Imyll o | (s, vi)l < TP+ [ my |1 [ “1 €] P in 1 (RM), since - +E'+1

_ h (unyy,) _ h (ux)v (x))
Let Yn=m (X) 1+¢elh(up )l Then Yy (x) = Y(x)= my (x) 1+el huE),v )l
So, we can apply the Lebesgue’s dominated convergence theorem and then we obtain
- hueOV () o rpe (RN

Yo (X) 2Y(X)=my (X) Trarw@y oy " LP* (RY)asn— o
Remark 4.4

We can similarly prove that, as n — oo,

n ()l vl v, (eVav, | TS n 0l vl T ke T i LaTRY,

Ny (X) K (Un, V) (A+elk (uy, vy, DT >0 ) kU, v) (I+elk (uvl)tin L RY
To complete the continuity of T. Let us consider a sequence (u,, v,) such that (u,,v,) — (u, V)

in LP"(RY), x LA (RY), as — oo. We will prove that (Wy, z,) = T (Un, Vo) =(W, 2) = T (u, V).
Note that (w,, z,) = T (un, v,) if and only if

-2 -2
('Aan+rm(X)|Wn|p Wn)'('ApW+rm(X)|W|p W):Q(X,un,vn)-ﬁ(X,U,V)

ae. inRY asn— o

p—2 ul? 2

= (a+r) [m(x)<7u“_ tn —m(x)7>+ bm, (x)( hnve) __h@v) )] (4.8)

-1 -1 14€lh (uy vy)l 14+elh(u v
1+] Py, |? 14] Pul? (un, vn) (@, v)

=(a+r) Xp- X) +b (Yp-Y)

Multiplying by (w,- w) and integrating over R one has
Jen @ V5| P72 - | vl PTEVW) V (w - w) + r fon mO)( W P72 Wl w,
= (atr) fRN (Xn- X) (W -w)+b fRN (Yo Y) (W, - W)
s 1 v 1
< (a+r) (fRN m| X X ’ )p’ (fRN| Wy = wl p)p +b (fRN| Yy- Yl b )P (fRN| Wy = wl p)p

Combining lemma 4.3 and the inequality

_ _ s/2 1-s/2
||X—y||pSC((||X||p2X—||y||p2y(x—y)) (||X||p+||y||p) (4.9)
where x, y eR", c=c (p) >0ands=2ifp>2,s=pifl<p<2,

|~ w). (W, - W)

We can conclude that w, — w in wg"’ (R™) when n — co.Similarly we show that z,— zin Wé’q (RM) as n — oo and

then, the continuity of T is proved.

e  Compactness of the operator T.
Suppose (uy, V,) a bounded sequence in Wg‘p (RY) xwg'q (R™) and let (Wp, Z) = T(Up, Vy).
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Multiplying the first equality in the definition of T by w, and integrating by parts on R, we notice the
boundness of w, in Wy (R™) and then we use the compact imbedding of W, (R¥) in LP'RY, to conclude.

The same argument is valid with (z,) inin L9°, (R). Thus T is completely continuous. Since the set K is
convex, bounded and closed in  LP"(RY) x L4 (RM), the Schauder’s fixed point theorem, yields existence of a fixed
point for T and accordingly the existence of solution of system (4.2).Hence the lemma 4.2.

Proof of Theorm 4.1: The proof will be given in three steps.
Step: 1
First to prove that (u., v.) is bounded in W,® (R™) xw,"* (RM). indeed assume that
Hucll— worllvell » wase— 0. Lettemax{ludl;lIvdl}, we="%,z.="%
teP ted
We have||w|<1and||z.|| <1 witheither|[wJ]l<1 orl|z.|| =1.
Dividing the first equation in (4.2) by (te)l/q' we obtain
-Apy W +rm (x) | w P2 = @) m )l wd P we @ e ud P Y2 bmy () h (P wot/h z) 1+
elhuev D 1+t MP f,
Similarly dividing the second equation in (4.2) by (tE)l/q' we obtain
Agze+m ) zd Twe= @) n )] wol “we @+ e?Pul +2Y9 eny () k (€77 w tY9 20) (1+
el k(uovol )1+ t21/9 g. Testing the first equation in the above system by w. and using (B4), we obtain

otl 1 T 1

Jnl VWl P afpy mx) [wdl ® +bre?2 [ omeay e [wl “ ' po®07a ) 2] P e e f ] wd

which, by the Holder inequality, implies

Jan | vw| "< afon ml w_| "+ prothez-p (Jan ml w| P)<+i/p (Jan nl w /a4 (2P || £ 09 1zl p*
Using the variational characterization of 4, (m, p) and the imbedding of W, (R)in L?"(R"). one has

[P <—2 || w| P+ pretpea—p Lwel ™ pllzd ™0 o0 nyey T |1l
c e o+l B+1 ! € ")

|zl -
e ellps,
tme) _ M@mp) P oy @p) @
where ¢ (p, N) is the imbedding constant. So, one gets
B+1 1 C1
Al well®yd bratB+2-p (| 2| [HP+D/A P p -2
(e m, p)-2) = T () P few | £17 )7 (ol Vwel )™ (4.10)
A(m,p) P A1(np) 9
and accordingly
o+l p+1 a+1 o+l p+1
Jim 78 Pyp g« BT g [ 2Py P @
(kl m, p)_a)a+1)/q (lim up || We(lli)l) <b b r Mj 112n gup || (i|1 %H (4.11)
o _ Kl(m:P)_ P 21 (m,p) (T) M@p) Poa
In a similar way, it can be obtain
o m o
Y+ (Qim&up || ze||p)%1 qu Bl pa+B+2-p) P (lim f&up || we||p)%1 qu
(A1, 0)-d— 1 scd 2 (4.12)
q *(n,g)— (&) atl p+1
K (gt 9 A(mp) P 4

Multiplying term by term the expressions in (4.11) and (4.12), and using (3.8) we obtain

+1 p+1 +1 B+l
atl ol p1 il pil

. P\ . Py
T C NBHD/g et (B+1)/q (lim sup|l well™) P a4 (lim@@up |1z |7) P4
[(}\’1 (m1 p) a) P (7\‘1 (n1 q) d) b p c ]>< xl(m'p)(lpi Kl(n,p)([;"'l)/q

Since conditions (C1) — (Cs) hold, one has Lim sup || wd|” = Limsup|lz||” =0

This yields a contradiction since || w/| =1 or|| w/| =1, and consequently (uc, vo) is bounded in W(}'q(Q) X W&'q (©).
1 1 1 1

Step 2. (eP ug; €9 ve) converges strongly in Wo‘p(RN) X Wo‘q(RN). when e approaches 0. It is obvious due to the

boundness of (u., v.) in W P(RY) x Wy d(RY)).

Step 3. Let us prove that (u. v.) converges strongly in W(}'p(Q) x Wg'q (©2) when eapproaches 0. Since (uc, v.) is

bounded in Wol'p(RN) X Wol’q (R™) we can extract a subsequence still denoted. (u. v.) which converges weakly to (g
Vo) in L” (m, RM) x L% (n, R") and strongly in L (R™) x L (R") when e— 0.
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Asu. — U inL? (RY), v. — v in L9 (RM) when e — 0 then there exists a function ne L"(RY), ce L* (R") such
that, u. (x) > Vo (X) aeas e—»0and |ul <nin LP" (RY).v.(X) > vo(X)aeas e—»0and |v] <Cin LT ((RY).
Hence we have || ullPu. (0 @+ e ul® )<l ulP < lin L2 (RY)

vl 1P ve o @+l evaud ) <lvd '™ < 7 in L9 RY)
1
Since (e ug) — 0, (el/q ve )— 0 a.e in RN when e— 0, one can deduce that,
-2 1 -1 -2
luc 091" 2 w0 @+ € ue 01" 5 Tue (091" up (x),

v 001 2 uc 0 @+l € ve 1 Y S Tve 0914 ve (%), ae.inRNase — 0.
Applying the dominated convergence theorem we obtain

-2 -1 -2
luc 1775w @+ e ucl P )t 5 lue |7 u

-2 1 -1 -2 . 4
Iv] v @+ e gl Y vl T vein LPT (RY) as e — 0.

(o]

I Ih(ueve) ot+p+2— a B+1 . L Ne s @ B+l _ 1
—_— < p P Qb1
Similarly we have - e <T Inl Tel™ inL? (RM)since =
Ik(ue Ve )I a+B+2— oa+1 B+1 . ' N at+l B 1
88 < q q ot B_1
T+e k(ueve) r Iml " 1d " in L9 (RY) since ST and
h(ue x)ve(x)

T h(ue COwe (O — h(u (X),Vo(x)) aease— 0,

k(ue (x),ve(x))
Tr Tk (oe COme GO — k(U (X),v (X)) aease— 0,

Again using the dominated convergence theorem we have

h(ueve) : p N
by h (Ug, Vo) in LP (R7) aease —0,

k(ugve)
1+el k(ueve)l
Now, we conclude the strong convergence of (u. v.)in Wg'p (RM) x W&'q (R™) by applying (4.9).
Finally, using a classical result in nonlinear analysis, we obtain

Ay Uo+ T m ()| Uol "2t = (a+r) mx) | ud * o= bmy m(x) h (Uo, Vo) + f  in RY

AqVo+ 0 ()| v o= (d+1) n(x) v T Vo= eny (x) K(Uo, Vo) +g in RN
U (X) > 0,vg (X) >0 as|x] >+

5 k(Up Vo) iNLY (RY) aease — 0.

which can be written again as
-Ap Up+am (x) | uo| P2 o+ bmy m(x) h (Uo + Vo) + Fin RN
“AqVo=dn ()| Vol U+ cny K (x) h (Ug + Vo) + g in R
Up(X) = 0,vo(X) >0, as|xd — +wx
This completes the proof o
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