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ABSTRACT: In this paper, we have introduced and investigated two new subclasses of the function class A of
bi-univalent functions defined in the open unit disk, which are associated with the generalized Hypergeometric
function. Furthermore, we find estimates on the Taylor-Maclaurin coefficient | a, | and | a3 | for the functions belonging
to these new classes.
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I. INTRODUCTION
Let C(K) denote the class of the functions of the form
f(z) =z + Yo a,2" 1

which are analytic in the open unit disc U = {z: |z| < 1}. Further, by S we shall denote the class of all functions in C(k)
which are univalent in U. Let f € C (k) given by (1) and g € C (k) given by

9(2) =z + X5=; by 2"
We define the convolution product (or Hadamard) of f and g by
(F9)(2) =z + Xn=; anbyz" = (9*f) (2); (z € U). )

Some of the important and well-investigated subclasses of the univalent function class S include the class S™(B) of
starlike functions of order B in U and the class K(B) of convex functions of order 3 in U which are defined as

s*(ﬁ)z{fes:Re(fo('—f)))>ﬁ(osﬁ <1;zew) @3)
and
K®={fe clo:Re(1+42) > p0<p <1;z€W)} @

It readily follows from the definition (3) and (4) that
fEKPB) = zf €S (B).
It is well known that every function f € S have inverse f*, defined by
fFUf@)=2 z€U
And
fFTw) = w,lwl < ro(f) = 1/4,
Where

flw) = w— ayw? + (2a3 — a3 )w® — (543 — 5aa; + a,)w* + ... (5)
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A function f € C(k) is said to be bi-univalent in U if both f(z) and (z) are univalent in U. Let A denote the class of

bi-univalent functions in U given by (1). For the complex parameters a, b and ¢ with ¢ # 0,—1,—2, ... ...... the
generalized Hypergeometric function ,R;(a, b, c, k; z) is defined as

n _ n—1
2R1(a,b,c,k; Z) _ @ o (@) T(b+kn)z —1+ @ o (@n_1THB+k(n-1))z

r() <=0 r(c+kn) (n)! r() <=0 r(c+k(m-1)) (n—-1)! (6)

Where Re ( c- 1-b) >0, |z| < 1 and (a), is the Pochhammer symbol. By using generalized Hypergeometric function
given by (6) we define a convolution operator 0(a, b, c: k) as follows:

0(a,b,c:k)f(z) = z HRi(a,b,c,k;2)* f(z2)=z+ X7, Y,a,z"  (z €U) @)
Where

_ I'(c)(@)n—1 T(b+k(n-1)) (8)
T TM) Tct+k(n—1))(n—1)!

Definition 1:- A function f(z) defined by (1) is said to be in the class M (a, b, ¢, k; a, A) if the following condition
are satisfied:

2 (0 (@b,cik)f @) ar _ _
|arg ((1—/1)z+/10(a,b,c;k)f(z)> < - O<a<10<1<1,z€U) 9)
And
w (0 (a,b,c;k)g(w))’ an . .
arg ((1—,1)W+w(a,b,c;k)g(w)) < 3 O<a<1,0<A1<L,wel) (10)
Where the function g is given by
fIw) = w— a,w? + (243 — a3 )w? — (5a3 — 5aya; + a,)w* + ... 11)

That is, the extension of f* to U.

Definition 2:- A function f(z) defined by (1) is said to be in the class N4 (a, b, ¢, k; B, A) if the following condition are
satisfied:

R ( z (@ (a,b,c;k)f(z)),

(1—/1)24—/1@ (a,b,c;k)f(z)) > ﬁ (O S ﬁ < 1r0 S A S 1; Z E U) (12)

And

R ( w (0 (a,b,c;k)g(w))'
(1-2)w+ 20 (a,b,c;k)g(w)

)>ﬁ(0§[>’<1;0§/1§1;weu) (13)

Where the function g is given by (11)

In order to prove our main results, we shall need the following lemma

Lemma 1:-[2] if h € P, then|cy|<2 for each k, where P is the family of all functions h, analytic in U, for which
Re(h(z)) >0 (z €el),

where

h(z) = 1+ cz+cz2 + ... (z €U)

Il Coefficient Estimate for the Function class My (a, b, ¢, k; a, 1)

Theorem 1:- Let the function f(z) defined by (1) be in the class M (a,b, ¢, k; 0, A)for0 < @ <1;0 < 4 <1, then
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2a

lay| <
\/[Za(/lz— 20+ (1—a@)(2— )21 Y3+ 2a (3— D)Y3

and
2
las| < G-,
Proof: it follows from (9) and (10) that

2(0 @hek)f @)  _ .
(1-)z+20 (ab,c;k)f(z) [p(2)]

And

w (@ (a,b,c;k)g(w))l _ a
A-Dw+ 10 (a,bcik)gw) [q w)]

Where p(z) and g(w) have the following forms:

p(2) = 14+pz+p2° + oo
And

qw) = 1+ qgw+ gw? + ...
Respectively. Now, equating the coefficient in (16) and (17), we get

2- A)Yzlaz = ap
R =20)Y2a2+ 3—DY;a3 = E[a(a - 1p? + 2ap,]
-2-DYya; = aqq

And
(A2 = 2DV} a§ + (3= DY; (26} — a3) = ;[a(a — Da} + 2a q,]

From (20) and (22), we find that

_ apy  _ ~aq
2= Goox, T e
Which implies
= "%
Adding (21) and (23), we obtain
a(a—1)

[2(2% — 2D)Y{ + 2B - DY3] af = @i+ ai)+ a(+ 42)

2
Substituting the values from (24) and (26) into (26), we get

2 _ @-1%13 (p2+42)
PI = e Z— 2+ A=) 2D 12+ 2a G-1)Y
2 3

Applying Lemma 1 for the coefficient p, and g,, we immediately have

2a

Ip,| <
\/[Za(/lz— 20+ (1-a)(2-1)2 ] Y3+ 2a 3-2)Y3

Substituting (28) in (24), we get
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2a

|a2| < \/

2a(2-21)+ (1- a)(2- D)2] Y3+ 2a (3— )Y3

This gives the bound on |a,| as asserted in (14). Next, in order to find that bound on [as|, by subtracting (23) fro (21), we
get

2(3 = DY3a3 — 23— Dzad = a (p, — q2) + “52 (pF - ) (29)
It follows from (24), (25) and (29) that
23-Va? Y3 23-Va? Y3

2(3 - A)Y3a3 =

[[Za(AZ—ZA)+ (1-a)(2-1)2 ] Y3+ 2a 3-1)Y3 + a] Pz + [[za(zz—u)+ (- a)2-D21Y3+2a G-DY3 a] 42

Applying lemma 1 once again for the coefficient p, and g, , we readily get

2a
< =
las| < G-Ys

This completes the proof of the theorem.
O

Putting A = 0 in theorem 1, we have the following Corollary.

Corollary 1:- Let the function f (z) defined by (1) be in the class Mx (a, b, ¢, k; a) (0 < a < 1), then

la,| < «a S S—
2(1-a)Y3+3a Y3

And

Putting A =0, a=c and b =1 in Theorem 1, we have the following Corollary

Corollary 2:- Let the function f (z) defined by (1) be in the class M4 (a, k; @) (0 < o< 1), then
2
lay] < « ’m

2a
3

And
las| <

The bound on |a;| in Corollary 2 provides improvement over the result of Srivastava et. Al. [3].
Putting A =1 in Theorem 1, we have the following Corollary

Corollary 3:- Let the function f (z) defined by (1) be in the class Ma (a, b, ¢, k; 0, 1) (0 <a < 1), then

lay] < @ [t
(1-3a)Y3+ 4a Y3

las| <

And

a
Y3
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111 Coefficient Estimate for the Function class Na (a, b, ¢, k; B, )

Theorem 2:- Let the function f(z) defined by (1) be in the class Na (a,b,c, k; B,A) for0 < < 1;0 < 4 <1, then

2(1-8)
laz| < (A2=22)Y% +(3-1)Y3 (30)
and
2(1-p)
jay| < 2400 (31)

Proof: it follows from (12) and (13) that

z (G) (a,b,c;k)f(z))l

(-Dz+ 10 (abck)f@ F+Q1A-Pp@) (32)
And
SRR Ao o
Where p(z) and g(w) have the forms (18) and (19) respectively. Equating the coefficient in (32) and (33), we get
C-DYza,= 1-Bm (34)
=20V a5+ B=DYsa3= (1 -B)p; (39)
-2-Da, = A-Baq (36)
And
W = 2DYF a5+ B -3 (205 — a3) = (1 -p) qz @37)
From (34) and (36), we find that
= @
Which implies
P1= — (39)

From (35) and (37), we obtain
[2(2% = 20)YF + 2B =Dzl ad = (1= B) (02 + q2) (40)
Also by using (38) and (40), we get

2 _ @-2)°T3 (p2+4q2)
Pr = [(A2=22)2 Y3+ 2a 3-)Y3](1-B) (41)

Applying Lemma 1 in (41) appropriately, we get

2
|p1| < (2 - A) YZ\/[(AZ_ZA)Z Y%+ 2a (3_1)\(3](1_5) (42)

Again by applying lemma 1 to (38) and using (42), we immediately find that

2(1-p)
|a2| < \/(/12_2,1)2 Y%+2a (B-1)Y3

This gives the bound on |a,| as asserted in (30). Next, in order to find that bound on |as|, by subtracting (37) fro (35), we
get
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2B = DYzaz — 23— MYzai = (1 - B)(p2 — q2) (43)
It follows from (40) and (43) that

(32-224) Y3(1-p)
(A2-21) Y3+ (3-M)Y3 42

_ 2(3-1) Y3 (1-PB)
2(3-MYzaz = [(,12_2,1) Y3+ (3—/1)Y3] P2 + [

Applying lemma 1 once again for the coefficient p, and g, , we readily get

2(1-B)
(B-)Y3

las| <

This completes the proof of the theorem.
O

Putting A = 0 in theorem 2, we have the following Corollary.

Corollary 4:- Let the function f (z) defined by (1) be in the class Na (a, b, ¢, k; B) (0 <p < 1), then
2(1-
lay] < « ’(3—1(38)

2(1-p)
373

And

las| <

Putting A =0, a=c and b =1 in Theorem 2, we have the following Corollary

Corollary 5:- Let the function f (z) defined by (1) be in the class Na (a, k; B) (0 < B < 1), then

2(1-p)
2Y3-Y3

la;| < «a

And

a-p)
las| < B

The bound on |a3| in Corollary 5 provides improvement over the result of Srivastava et. Al. [3].
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