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ABSTRACT: In this paper we have introduced a new harmonious labeling called square harmonious labeling. A
graph G(V,E) with n vertices and m edges is said to be a square harmonious graph if there exists an injection f: V(G)
—{1,2,..., m*+1} such that the induced mapping. f*:E(G) —{1,4.9,....m?} defined by

*(uv) = (f(u) + f(v)) mod (m?+1) is a bijection. the resulting edge labels and vertex labels are distinct. The function f is
called a square harmonious labeling of G. Here we prove that path graph, star graph, bistar graph, corona graph

P, © pk; , the graph C;@ pk; and the comb graph P, © k; are Square harmonious graph.
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I. INTRODUCTION

In this paper, we consider finite, undirected, simple graph G(V,E) with n vertices and m edges.

For notations and terminology we follow Bondy and Murthy [ 1 ].Harmonious graphs naturally arose in the study by
Graham and Sloane [ 3 ] of modular versions of additive base problems. Square graceful graphs were introduced in [4].
For a detailed survey on graph labeling we refer to Gallian [ 2 ] . We also refer [5,6,7]

Definition : A graph G(V,E) with n vertices and m edges is said to be a square harmonious graph if there exists an
injection f:V(G) —{1,2....,(m*+1)} such that the induced mapping f*:E(G) —»{1.4.9,....m?} defined by
f*(uv) = (f(u) + f(v)) mod (m?+1) is a bijection, the resulting edge labels and vertex labels are distinct. The function f is
called a square harmonious labeling of G.

In this paper, we prove that the path graph, star graph, bistar graph, the graph C;@ pk; and the comb graph
P, © k; are square harmonious graphs.

Il Main Results

Theorem 2.1. Every path P,(n >3 ) is a square harmonious graph.

Proof: LetP,be a path with n vertices and m = (n-1) edges. Let V (P,,) ={ V4,Vs,...,v,}and
E(P) ={ Vivis1, | <i<n-1}. Define an injection function f: V(P,) — {1,2,3,..., m*+1} by
f(vy) = 3, f(v2) = 1, f(vs) = m?+1, and f(vs) = m?,  f(vs) = m*-2n + 4,
f(va) =vas + (2i-5).3<i< [2], fvann) =V - 20421, 3 <i< [
f induces a bijection f* : E(P,) = {1,4,9,...,(n-1)’}. f*(uv) = ( f(u) + f(v) ) mod (m%+1).

The edge labels are distinct. Hence every path P,, n > 3 is a square harmonious graph.
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Theorem 2.2. The star graph ky, is a square harmonious graph for all n > 2.

Proof: Let ky ,be a star graph with (n+1) vertices and m = n edges.
Let V(Kyp) = {V1,Va...., Vi }.Let v be the centre vertex. Let E(Kyp) = {Vi Ve, 1 < 1 < n}.

Define an injective function f : V(K ) —>{1,2,...,m2+1} by

(V) = 2m-3, (v = (M-i+1)° —2m +31 <i < 2] f (v[ﬂ ) — m?2—2m+5,
2

J+1
i (v[% +j) = Vo 2 -L25 < 5] Fuv) = (f(u) +(v) ) mod (mP+1),

Hence the star graph Ky, is a square harmonious graph.

Theorem 2.3. The bistar graph B 4 is a square harmonious labelling graph.

Proof: Let B ;4 be a bistar graph with n = p+g+2 vertices and m = p+qg+1 edges.

Let V(B pg) ={ui, 1 <1 < ptl, vl <j < gqtl},

Let E (B pg) = {Ui Upsz, 1 < 1 <p, viVger,1 <j < q, upVgl.

Define an injection function f: V (B ,q) —={1,2,3,.....(p+q+1)*+1} by

f(Uped) = 1, f(U) = 3, F(U) = Uy #2041, 2 <1< p, (vgur) = ML, (V) = (M-i+1)2, 1<i<q,

The edge labels are distinct.

Theorem : 2.4. The graph C; @ pKy, (p > 2) is a square harmonious graph.

Proof : Let uy,u,, uz be the vertices of Csand vi,v,,...,v, be the new vertices.

Let V(Cs@ pky) = {u,uz,Uz, Va,Vy...,vp}.Let E (Cs@ pky) = {UqUz,UzUs, Usly, UiPa UiPs,. .., U1Pp} -
Here u, is adjacent to v;,v,,...,v, Define f: V(C; @ pK,) —>{1,2,3,...,(P+3)2+1}by

f(uy) = m*+1, f(up) = 9, f(us) = 16 ,f(v) = (M-i+1)*,1< i <p-2, F(vpa) =4, f(vp) =1

The induced function f* : E (C;@pK,) —{1,4,...,(P+3)*} is bijective.

Theorem 2.5. The comb graph P, ® K; (n> 2) is a square harmonious graph.

Proof: Let {u;,us,...,un} be the vertices of path P, and {v;,v, ...,v,} be the n pendant vertices of uy,u,,...,u, respectively.
Here m = 2n-1.

Define an injection f:V (P, © K;) —{1,2,3, ..... (2n-1)*+1} by

f(Uzia) = iQ2i-1), 1< < [5|f (ua) =i @i+1), 120 < |5 vy = m? +1,

F(vae) =(M-2i+3)2 i (2-1), 25 i <[2] f(va) =(m-2i+2)-iitD) 1< i <[3],

The induced function *: E (P, © K;) — {1,4,9, ... ,(2n-1)?} is bijective.

Theorem 2.6. The corona graph P, ©® pK; (n>2) is a square harmonious graph.

Proof: Let { uy,up,...,un} be the vertices of the path P, and uj,uj,...,uj, be the p pendent  vertices of the vertex u; of

the path P, for 1<j <n. Here m = mp+n-1.
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Define an injection f : V (P, © pKy) = {1,2,3,...,(nptn-1)+1} by
fuan) =i @01 <[5, fa)=i@ivn asi ]3] fuw) = mP,
(U ) = [m-p(2i-2) - j+2)* —i(2i -1), 2<i < [5] 1=j=p.
(uzy) = [m-p(2i-1) - j#22 ~i2i +1) 1< < |5 1=j<pouy= (m+2)? -1, 25 <p.

The induced function f*: E (P, ® pKy) = {1,4,..... (np+n-1)°} is bijective.

Hence the corona graph P,, © pK; is square harmonious.
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