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I. INTRODUCTION

A paranormal operator is a generalization of a normal operator.The class of paranormal operators was introduced by

V. Istratescu in 1960s, though the term “paranormal” is probably due to Furuta(1967). Every hyponormal operator (in
particular a quasi-normal operator and a normal operator) is paranormal. Here we examine some properties of
polynomially paranormal operators on the Hilbert Space and their Tensor product. Throughout this paper,(H) denotes
the set of all bounded linearoperators acting on a complex Hilbert space H. In this section some definitions and
preliminary results are discussed.

Definition 1.1: An operator T € B(H) is called an n-normal operator if T"T* = T*T".
Lemma 1.2. [Fuglede Theorem] If T is an operator then T"T = T T™ forany n € N.
Lemma 1.3. Let T € B(H).Then Tis n-normal if and only ifT™is normal.

Proof. Let Tis n-normal, T"T* = T*T". Therefore

" (T*)n — T*Tn(T*)n—l — T*(TnT*)(T*)n—Z — (T*)ZTn(T*)n—Z — (T*)nTn

Then T™is normal. Now, let T™is normal.

Since T"T = TT", by Fuglede theorem , T"T* = T*T".

Therefore T is n-normal.

Now, it is clear that
normal = n-normal for any n.
But the converse is not always true.

IfT = ((l) _21) then T is 2-normal but not normal.

All nonzero nilpotent operators are n-normal operators, for n > kwhere kthe index of nilpotance, but they are not
normal.

Lemma 1.4: Tis n-normal ifand only if| T"x =1l (T™)*x I Vx € H.

Definition 1.5. An operator T on a Hilbert Space H is said to be hyponormal if T* T > T T*which is equivalent to
IT*C)IN<IT ), vx € H.
An operator Tis quasi hyponormal if (T*)2T? > (T*T)? holds, which is equivalentto || T*T(x) I<Il T?(x) Il, Vx €
H.
An operator Tis said to be M- hyponormal if there exists a positive real number M such that

M?(T — D)*(T — 2) = (T — (T — D*forall A € C.
An operator T on a Hilbert Space His said to be paranormal if || T(x) II*> <Il T?(x) Il, for every unit vector xin H.
Another equivalent definition of paranormal operator in terms of topological aspects can be given as:
An operator Ton a Hilbert Space His said to be paranormal if || (T — zI)™! = 1/d(z,o(T)) for all z & o(T)
where d(z, a(T)) is the distance from z to o(T),the spectrum of T.
An operator T on a Hilbert Space His said to be M —paranormal if, T(x) II> < M || T%(x) Il,for every unit vector xin
Hand for some positive real number M.
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An operator Ton a Hilbert Space H is said to be n-paranormal (for some positive integern) if

I TC) "< T"(x) Il x "7, Vx € H.

An operator Tis called polynomially paranormal if there exists a non-constant polynomial q(z) such that q(T) is
paranormal.

In general the following implication holds:

normal = n-normal = hyponormal = paranormal= n-paranormal.

But the converse is not true.

Definition 1.6.For T € S(H), R(T) and N (T) denotes the range and the null space of T, respectively.
An operator T € B(H) is said to have finite ascent if N(T™) = N(T™*1) for some positive integer m, and finite
descent if R(T™)) = R(T™*!) for some positive integer m.

Definition 1.7.Let X,Ybe normed spaces over KK with dual spaces X*,Y". Given x € X,y € Y, letx ® y be the
element of BL(X",Y"; K), the set of all bounded bilinear functionals from X* x Y* to K,and is defined by
x @ ({9 = f9gW) (f € X',g €Y)
The algebraic tensor product of Xand Y, X & Yis defined to be linear span of
xQ®y:x € X,y € Y}inBL(X",Y"; K). (refer to [4])

Definition 1.8. Given normed spaces X and Y, the projective tensor norm yon X ® Yis defined by

y(u) = inf{Z I 0y llw = Z % ® yi}

where the infimum is taken over all finite representations of u. L
The completion of X @ Ywith respect to yis called the projective tensor product of Xand Yand is denoted by
X®, Y.
If X and Yare Hilbert spaces, an inner product on X &), Yis defined as
(a @ bc®d) ={a,c)b,d)
where a,c € Xand b,d €Y.
Then it can be shown that X &, Yis a Hilbert space.

Lemma 1.9:Given u € X ® Y, there exists linearly independent sets {x;}, {y;} suchthatu = ¥, x; ® ;.
Lemma 1.10:X ®, Y can be represented by as the linear subspace of BL(X'; Y'; K )consisting of all elements of the
formu =Y, x, & y,whereX, Il x, Il | y, lI< oco.
Moreovery () is the infimum of the sums}.,, Il x,, Il Il y;, < coover all such representation of u.
Lemma 1.11: If T is a paranormal, thenT™ is paranormal.
Lemma 1.12: A compact paranormal operator is normal.
Lemma 1.13: There exists an invertible paranormal operator T such that
1. T is not hyponormal.
2. T? is not paranormal.
3.1 TII= Ry, (T); Ry, (T) denotes spectral radius of .
4. T~1 is not paranormal.
Lemma 1.14: If T € B(H) is polynomially paranormal, then T — A has finite ascent for all A € C.

Lemma 1.15: If Sand T are paranormal operators then S + T is paranormalif it satisfies
S*AS =0 T*BT =20 S'AT =0 S*BT =0 T*AS =0 T*BS =20
whereA=TT —TT* & B =S*S —SS*
Lemma 1.16: IfS and T are two commuting paranormal operators then TS is paranormal under the condition,
max{ll S(x) I%, 11 T(x) I} <l x I
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Il. RESULTS

We construct an operator T on the tensor product of Hilbert spaces.Let T; be an operator on X and T, be an operator
onY.
We defineT: X ®, Y — X ®, Y by

4

Now an immediate result follows considering T; and T, to be paranormal.

T(Z & yi> = ZT1(XL‘) R T, (y)

Theorem 2.1: IfT; and T, are paranormal then T is paranormal.
Proof:
I TEx; @ y) I> =1l Z;Ti(x) @ T(v) II?
< 2l To() 120 () 1P
< Z T2 I T2(v) | [+ Ty and T,are paranormal]
Thus, I T(Ex; @ y:) I1P< Z; Il TE(x;) @ T#(y;) Il [Taking projective norm]
=|| Tz(z‘:'ixi Q v:) |l
So, T is paranormal.r]

Lemma 2.2: Let T € B(H)bepolynomially paranormal. ThenN(T — 1) = N((T — A)?)forA € C.
Proof.Let x € N((T — 2)?).Since N(T — 1) c N ((T — A)"fori € C..
Wehave (T — )x € N(T — 1) c N (T — A)".
Hence
N (T — DxIP=(T — DT — Dx; x) =0
Hence N((T — 2)?) © N(T — A).
The converse follows. [

Lemma 2.3: fT € B(H) is polynomially paranormal, thenT — Ahas finite ascent forall 1 € C.

An operator T € B(H) is said to have the single valued extension property if there exists no nonzeroanalytic
function f such that(T — z) f (z) = 0.Larusen [14] proved that if T — Ahas finite ascent for all 1 € C, then Thas
the single valued extensionproperty.

Theorem 2.4. If Tyand T, is polynomially paranormal and T,be a projection of Ythen T — A has finite ascent on
XQ®Yforalll € C.
Proof.Since T;is polynomially paranormal so by lemma [2.2], T; — Ahas finite ascent on Xforall 2 € C.
« N((Ty = )P) = N((T; — )PTY), for some positive integerp,
And N((T, — )P) = N((T, — A)P*1), for some positive integer p.
Letu = X;x; ® y; € X Q Ybe such thatu € N((T — 1)P).

S(T=DPw) =0=> T-DPCEx @ y)=10

= Zi(T =P Q@ (T, =Py, = 0 [y, €Y,50,(T = D) = ¥l

= x; € N((T; — D)P)ory; =0 Vi

= x;, € N(Ty = AP Dory, = 0 Vi

= (T - @y = 0 Vi

= (M =D @y, =0

=T -V Qy; =0

= Zx; ® y; € N((T — )P*)
Thus, N((T — 2)P) € N((T — D)P*D).
Similarly we can show N((T —)?*1) € N((T — 2)P).
Therefore T — Ahas finite ascent.  [J
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111.CONCLUSION

Here we have discussed on polynomially paranormal operators, now the question can we derive results for the
*-n-paranormal operators which was defined by Z. Lingling & A. Uchiyama.
Let X be a complex Banach space. Let (x) be

m(x) = {(6,f) €EX X X:I f = f(x) =l x II= 1}
Where X* is the dual of X.
T € B(X) is said to be *-n-paranormalif || T*f I” < || T"x lIfor all (x, f) € w(X),where T*is the dual operator of T.
Moreover it is to be derived that whether the result for single valued extension property holds for *-n-paranormal
operators.
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