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ABSTRACT: In this paper we have discuss about the hyponormal and paranormal operators in the Hilbert Space and 
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tensor product of Hilbert spaces and derived the conditions for polynomially paranormal operators. 
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I. INTRODUCTION 

A paranormal operator is a generalization of a normal operator.The class of paranormal operators was introduced by 

 V. Istratescu in 1960s, though the term “paranormal” is probably due to Furuta(1967). Every hyponormal operator (in 

particular a quasi-normal operator and a normal operator) is paranormal. Here we examine some properties of 

polynomially paranormal operators on the Hilbert Space and their Tensor product.Throughout this paper,𝛽(𝐻) denotes 

the set of all bounded linearoperators acting on a complex Hilbert space𝐻 . In this section some definitions and 

preliminary results are discussed. 

 

Definition 1.1: An operator 𝑇 ∈   𝛽(𝐻) is called an 𝑛-normal operator if 𝑇𝑛𝑇∗  =  𝑇∗𝑇𝑛 . 
Lemma 1.2. [Fuglede Theorem] If 𝑇 is an operator then 𝑇𝑛𝑇 =  𝑇 𝑇𝑛  for any 𝑛 ∈ ℕ. 

Lemma 1.3. Let 𝑇 ∈ 𝛽(𝐻).Then 𝑇is 𝑛-normal if and only if𝑇𝑛 is normal. 

Proof. Let 𝑇is 𝑛-normal, 𝑇𝑛𝑇∗  =  𝑇∗𝑇𝑛 . Therefore 

𝑇𝑛 𝑇∗ 𝑛  =  𝑇∗𝑇𝑛 𝑇∗ 𝑛−1  =  𝑇∗ 𝑇𝑛𝑇∗  𝑇∗ 𝑛−2 =   𝑇∗ 2𝑇𝑛 𝑇∗ 𝑛−2  =  𝑇∗ n𝑇𝑛 . 

Then 𝑇𝑛 is normal. Now, let 𝑇𝑛 is normal.  

Since 𝑇𝑛𝑇 =  𝑇𝑇𝑛 , by Fuglede theorem , 𝑇𝑛𝑇∗  =  𝑇∗𝑇𝑛 .  

Therefore T is n-normal. 

 

Now, it is clear that  

normal ⇒ 𝑛-normal for any 𝑛. 

But the converse is not always true. 

If 𝑇 =  
𝑖 2
0 −𝑖

 , then 𝑇 is 2-normal but not normal.  

All nonzero nilpotent operators are 𝑛-normal operators, for  𝑛 ≥  𝑘where 𝑘the index of nilpotance, but they are not 

normal. 

Lemma 1.4: 𝑇is n-normal if and only if∥ 𝑇𝑛𝑥 ∥ = ∥  𝑇𝑛 ∗𝑥 ∥      ∀𝑥 ∈  𝐻. 
 

Definition 1.5.  An operator T on a Hilbert Space H is said to be hyponormal if 𝑇∗ 𝑇 ≥  𝑇 𝑇∗which is equivalent to 

∥ 𝑇∗ 𝑥 ∥ ≤ ∥ 𝑇  𝑥 ∥, ∀𝑥 ∈  𝐻.  

An operator Tis quasi hyponormal if (𝑇∗)2𝑇2  ≥  (𝑇∗𝑇)2   holds, which is equivalent to ∥ 𝑇∗𝑇(𝑥)  ∥≤∥ 𝑇2(𝑥)  ∥, ∀𝑥 ∈
 𝐻. 
An operator 𝑇is said to be 𝑀- hyponormal if there exists a positive real number M such that 

𝑀2 𝑇 −  𝜆 ∗(𝑇 −  𝜆)  ≥   𝑇 −  𝜆  𝑇 −  𝜆 ∗for all 𝜆 ∈  ℂ. 
An operator 𝑇 on a Hilbert Space 𝐻is said to be paranormal if  ∥ 𝑇 𝑥 ∥2 ≤∥ 𝑇2 𝑥 ∥,  for every unit vector  𝑥in  𝐻. 

Another equivalent definition of paranormal operator in terms of topological aspects can be given as:  

An operator 𝑇on a Hilbert Space 𝐻is said to be paranormal if  ∥  𝑇 −  𝑧𝐼 −1 ∥ =  1/𝑑(𝑧,𝜎(𝑇)) for all 𝑧 ∉  𝜎(𝑇) 

where 𝑑(𝑧,𝜎(𝑇)) is the distance from 𝑧 𝑡𝑜 𝜎(𝑇),the spectrum of 𝑇. 
An operator 𝑇 on a Hilbert Space 𝐻is said to be 𝑀 −paranormal if,  𝑇 𝑥 ∥2 ≤ 𝑀 ∥ 𝑇2 𝑥 ∥,for every unit vector 𝑥in 

𝐻and for some positive real number 𝑀. 
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An operator 𝑇on a Hilbert Space 𝐻 is said to be  𝑛-paranormal (for some positive integer𝑛) if 

∥ 𝑇 𝑥 ∥𝑛≤ ∥ 𝑇𝑛 𝑥 ∥∥ 𝑥 ∥𝑛−1 ,∀𝑥 ∈ 𝐻. 

An operator 𝑇 is called polynomially paranormal if there exists a non-constant polynomial 𝑞(𝑧)  such that 𝑞(𝑇) is 

paranormal. 

In general the following implication holds: 

normal ⇒ 𝑛-normal  ⇒ hyponormal  ⇒ paranormal⇒ 𝑛-paranormal.  

But the converse is not true. 

 

Definition 1.6.For 𝑇 ∈ 𝛽(𝐻),𝑅(𝑇) and 𝑁(𝑇) denotes the range and the null space of  𝑇, respectively. 

An operator 𝑇 ∈ 𝛽(𝐻) is said to have finite ascent if 𝑁(𝑇𝑚 )  =  𝑁(𝑇𝑚+1) for some positive integer  𝑚, and finite 

descent if 𝑅(𝑇𝑚 ) )  =  𝑅(𝑇𝑚+1) for some positive integer m. 

 

Definition 1.7.Let  𝑋,𝑌be normed spaces over 𝕂 with dual spaces  𝑋∗, 𝑌∗. Given  𝑥 ∈  𝑋, 𝑦 ∈  𝑌, let 𝑥 ⊗  𝑦 be the 

element of 𝐵𝐿(𝑋∗,𝑌∗;  𝕂), the set of all bounded bilinear functionals from 𝑋∗  ×  𝑌∗ to 𝕂,and is defined by 

(𝑥 ⊗  𝑦)(𝑓,𝑔)  =  𝑓(𝑥)𝑔(𝑦) (𝑓 ∈  𝑋∗,𝑔 ∈ 𝑌∗) 

The algebraic tensor product of X and Y,  𝑋 ⊗  𝑌is defined to be linear span of 

{𝑥 ⊗ 𝑦 ∶  𝑥 ∈  𝑋, 𝑦 ∈  𝑌 } 𝑖𝑛 𝐵𝐿(𝑋∗,𝑌∗;  𝕂).  (refer to [4]) 

 

Definition 1.8. Given normed spaces X and Y, the projective tensor norm 𝛾on 𝑋 ⊗  𝑌is defined by 

𝛾 𝑢 = inf   ∥ 𝑥𝑖
𝑖

∥∥ 𝑦𝑖 ∥:𝑢 =  𝑥𝑖 ⊗𝑦𝑖
𝑖

  

where the infimum is taken over all finite representations of u. 

The completion of 𝑋 ⊗  𝑌with respect to 𝛾 is called the projective tensor product of 𝑋and 𝑌and  is denoted by 

 𝑋 ⊗𝛾  𝑌. 

If 𝑋 and 𝑌are Hilbert spaces, an inner product on 𝑋 ⊗𝛾 𝑌is defined as 

 𝑎 ⊗ 𝑏, 𝑐 ⊗ 𝑑 =  𝑎, 𝑐  𝑏, 𝑑  
where 𝑎, 𝑐 ∈ 𝑋 and  𝑏,𝑑 ∈ 𝑌. 
Then it can be shown that 𝑋 ⊗𝛾 𝑌is a Hilbert space. 

 

Lemma 1.9:Given 𝑢 ∈ 𝑋 ⊗ 𝑌, there exists linearly independent sets  𝑥𝑖 , {𝑦𝑖} such that 𝑢 =  𝑥𝑖 ⊗ 𝑦𝑖𝑛 . 

Lemma 1.10:𝑋 ⊗𝛾  𝑌 can be represented by as the linear subspace of𝐵𝐿(𝑋′ ;𝑌′ ;𝕂 )consisting of all elements of the 

form𝑢 =  𝑥𝑛 ⊗𝑦𝑛𝑛 where ∥ 𝑥𝑛 ∥𝑛 ∥ 𝑦𝑛 ∥< ∞. 

Moreover𝛾(𝑢) is the infimum of the sums ∥ 𝑥𝑛 ∥𝑛 ∥ 𝑦𝑛 ∥< ∞over all such representation of u. 

Lemma 1.11: If 𝑇 is a paranormal, then𝑇𝑛  is paranormal. 
Lemma 1.12: A compact paranormal operator is normal. 

Lemma 1.13: There exists an invertible paranormal operator 𝑇 such that  

 1. 𝑇 is not hyponormal. 

       2. T2 is not paranormal. 

       3. ∥ 𝑇 ∥≥  𝑅𝑠𝑝  (𝑇);  𝑅𝑠𝑝  (𝑇) denotes spectral radius of  . 

 4. T−1 is not paranormal. 

Lemma 1.14: If 𝑇 ∈ 𝐵(𝐻) is polynomially paranormal, then  𝑇 − 𝜆 has finite ascent for all λ ∈ ℂ. 

 

Lemma 1.15: If S and T are paranormal operators then 𝑆 +  𝑇 is paranormalif it satisfies 

S∗𝐴𝑆 ≥ 0           𝑇∗𝐵𝑇 ≥ 0       S∗𝐴𝑇 ≥ 0           𝑆∗𝐵𝑇 ≥ 0         𝑇∗𝐴𝑆 ≥ 0           𝑇∗𝐵𝑆 ≥ 0 

                        where𝐴 = 𝑇∗𝑇 − 𝑇𝑇∗   &      𝐵 = 𝑆∗𝑆 − 𝑆𝑆∗ 

Lemma 1.16: IfS and T are two commuting paranormal operators then 𝑇𝑆 is paranormal under the condition, 

max ∥ 𝑆 𝑥 ∥2, ∥ 𝑇 𝑥 ∥2 ≤∥ 𝑥 ∥ 
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II. RESULTS 

 

We construct an operator 𝑇 on the tensor product of Hilbert spaces.Let 𝑇1 be an operator on 𝑋 and 𝑇2 be an operator 

on 𝑌. 
We define 𝑇:𝑋 ⊗𝛾 𝑌 ⟶ 𝑋 ⊗𝛾 𝑌 by 

𝑇   𝑥𝑖 ⊗ 𝑦𝑖
𝑖

 =  𝑇1(𝑥𝑖) ⊗𝑇2(𝑦𝑖)

𝑖

 

Now an immediate result follows considering 𝑇1 and 𝑇2 to be paranormal. 

 

Theorem 2.1: If𝑇1 and 𝑇2 are paranormal then 𝑇 is paranormal. 

Proof:  
∥ 𝑇 𝛴𝑖𝑥𝑖 ⊗  𝑦𝑖 ∥

2 =∥  𝛴𝑖𝑇1 𝑥𝑖 ⊗  𝑇2 𝑦𝑖 ∥
2 

≤  𝛴𝑖 ∥  𝑇1(𝑥𝑖)) ∥2. ∥ 𝑇2 𝑦𝑖 ∥
2 

≤  𝛴𝑖 ∥ 𝑇1
2 𝑥𝑖 ∥. ∥  𝑇2

2 𝑦𝑖 ∥  [∵  𝑇1 and 𝑇2are paranormal] 

Thus, ∥ 𝑇  𝑥𝑖𝑖 ⊗  𝑦𝑖 ∥
2≤ 𝛴𝑖 ∥ 𝑇1

2 𝑥𝑖 ⊗  𝑇2
2 𝑦𝑖 ∥ [Taking projective norm] 

=∥  𝑇2 𝛴𝑖𝑥𝑖  ⊗ 𝑦𝑖 ∥ 

So, T is paranormal. 

 

Lemma 2.2: Let 𝑇 ∈ 𝛽(𝐻)bepolynomially paranormal.Then𝑁(𝑇 −  𝜆)  =  𝑁( 𝑇 −  𝜆 2)for𝜆 ∈ ℂ.  

Proof.Let 𝑥 ∈  𝑁( 𝑇 −  𝜆 2). Since 𝑁(𝑇 −  𝜆)  ⊂  𝑁 ( 𝑇 −  𝜆 ∗)for𝜆 ∈ ℂ.. 

We have  𝑇 −  𝜆 𝑥 ∈  𝑁(𝑇 −  𝜆)  ⊂ 𝑁 ( 𝑇 −  𝜆 ∗). 
Hence 

∥  𝑇 −  𝜆 𝑥 ∥2=   𝑇 −  𝜆 ∗(𝑇 −  𝜆)𝑥;  𝑥  =  0 

Hence 𝑁( 𝑇 −  𝜆 2)  ⊂  𝑁(𝑇 −  𝜆). 
The converse follows.  

 

Lemma 2.3: If𝑇 ∈ 𝛽(𝐻) is polynomially paranormal, then𝑇 − 𝜆has finite ascent for all   𝜆 ∈  ℂ. 

 

An operator 𝑇 ∈ 𝛽(𝐻) is said to have the single valued extension property if there exists no nonzeroanalytic 

function 𝑓 such that(𝑇 −  𝑧) 𝑓 (𝑧)  ≡  0.Larusen [14] proved that if 𝑇 −  𝜆has finite ascent for all 𝜆 ∈  ℂ, then 𝑇has 

the single valued extensionproperty. 

 

Theorem 2.4. If 𝑇1 and 𝑇2 is polynomially paranormal and 𝑇2 be a projection of 𝑌 then 𝑇 −  𝜆  has finite ascent on 

𝑋 ⊗ 𝑌 for all𝜆 ∈  ℂ. 

Proof.Since 𝑇1is polynomially paranormal so by lemma [2.2],  𝑇1 − 𝜆has finite ascent on 𝑋for all  𝜆 ∈  ℂ. 

∴ 𝑁 (𝑇1 − 𝜆 𝑝)  =  𝑁 (𝑇1 − 𝜆 𝑝+1), for some positive integer𝑝,  

And  𝑁 (𝑇2 − 𝜆 𝑝)  =  𝑁 (𝑇2 − 𝜆 𝑝+1), for some positive integer 𝑝. 
Let𝑢 = 𝛴𝑖𝑥𝑖  ⊗  𝑦𝑖  ∈ 𝑋 ⊗ 𝑌be such that𝑢 ∈ 𝑁  𝑇 − 𝜆 𝑝 . 
                  ∴ (𝑇 − 𝜆)𝑝(𝑢)  =  0 ⇒   𝑇 − 𝜆 𝑝 𝛴𝑖𝑥𝑖  ⊗  𝑦𝑖 =  0 

⇒  𝛴𝑖 (𝑇1 − 𝜆 𝑝𝑥𝑖 ⊗   𝑇2 − 𝜆 𝑝𝑦𝑖  =  0       ∵ 𝑦𝑖 ∈ 𝑌, so,  𝑇2 − 𝜆 (𝑦𝑖) = 𝑦𝑖  
⇒  𝑥𝑖  ∈  𝑁  𝑇1 − 𝜆 𝑝 or𝑦𝑖 = 0  ∀𝑖 
⇒  𝑥𝑖  ∈  𝑁  𝑇1 − 𝜆 𝑝+1 or 𝑦𝑖 = 0 ∀𝑖 
⇒   𝑇1 − 𝜆 𝑝+1𝑥𝑖 ⊗𝑦𝑖  =  0  ∀𝑖 
⇒ 𝛴𝑖 𝑇1 − 𝜆 𝑝+1𝑥𝑖 ⊗ 𝑦𝑖  =  0  
⇒  𝑇 − 𝜆 𝑝+1𝛴𝑖𝑥𝑖 ⊗𝑦𝑖 = 0 
⇒ 𝛴𝑖𝑥𝑖 ⊗ 𝑦𝑖 ∈ 𝑁( 𝑇 − 𝜆 𝑝+1) 

Thus, 𝑁  𝑇 − 𝜆 𝑝 ⊆ 𝑁  𝑇 − 𝜆 𝑝+1 . 
Similarly we can  show  𝑁  𝑇 − 𝜆 𝑝+1  ⊆ 𝑁  𝑇 − 𝜆 𝑝 . 
Therefore 𝑇 − 𝜆has finite ascent.   
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III. CONCLUSION 

 

Here we have discussed on polynomially paranormal operators, now the question can we derive results for the 

 *-n-paranormal operators which was defined by Z. Lingling & A. Uchiyama. 

Let 𝑋 be a complex Banach space. Let 𝜋 𝑥  be  

𝜋 𝑥 = { 𝑥, 𝑓 ∈ 𝑋 × 𝑋∗: ∥ 𝑓 ∥= 𝑓 𝑥 =∥ 𝑥 ∥= 1} 

Where 𝑋∗ is the dual of  𝑋. 
𝑇 ∈ 𝐵(𝑋) is said to be *-n-paranormalif ∥ 𝑇∗𝑓 ∥𝑛  ≤ ∥ 𝑇𝑛𝑥 ∥for all  𝑥,𝑓 ∈ 𝜋(𝑋),where 𝑇∗is the dual operator of 𝑇. 

Moreover it is to be derived that whether the result for single valued extension property holds for *-n-paranormal 

operators. 
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